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Abstract

The counterion condensation theory originally proposed by Manning is extended to take account of both finite
counterion concentratiofm:) and the actual structure of the array of discrete changes. Counterion condensation is
treated here as a binding isotherm problem, in which the unknown free volume is replaced by an unknown local
binding constanB’, which is expected to vary witine and polyion structure. The relation between the condensed
fraction of counterion charge, B’ andmc is obtained from the relevant grand partition function via the maximum
term method. In the case of the single polyion in a large salt reservoir, the result is practically identical to Manning’s
equation. In order to determine the valuespifand » at arbitraryme, a second relation between g’ and mc is
required. We propose an alternative auxiliary relation that is equivalent to previous assumptioms. s€arbut
which yields qualitatively correct and quantitatively useful results at fimge Simple expressions for vs. mc and
B’ vs. mc are obtained by simultaneously solving the binding isotherm and auxiliary equations.-Tar&hB’ are
evaluated for five different linear arrays of infinite extent with different geometiigs:a straight line of charges
with uniform axial spacing(2) two parallel lines of in-phase uniformly spaced chard&3;a single-helix of discrete
charges with uniform axial spacing4) a double-helix of discrete charges with uniform axial spacing of pairs of
charges;(5) a cylindrical array of many parallel charged lines, chosen to simulate a uniformly charged cylinder. In
all cases, the computed binding isotherms exhibit qualitatively correct behaviet: Approaches zere,approaches
the Manning limit,r=1—1/(Lg/b) whereb is the average axial spacing of electronic charges in the array.aisl
the Bjerrum length. Howevef'’ varies with polyion geometry, even in the zero salt limit, and matches the Manning
value only in the case of a single straight charged line. With increasing declines significantly below its limiting
value whenevenb>0.3, where\ is the Debye screening parameter. In the case of cylindrical arrays containing
either 2 or 100 parallel charged linesalso decreases, whenever> 2.0, whered is the diameter of the array. In
the case of two parallel charged lines, each with axial charge spaei®y A, which are separated lay=200 A, r
exhibits a plateau value, 0.76, characteristic of the two combined lines, when2.0, and declines with increasing
mc to a shelf value, 0.52, characteristic of either single line, wkén 2.0 and the lines become effectively screened
from one anothe@’ behaves in a roughly similar fashion. In the case of a cylindrical array of charged lines with the
diameter and linear charge density of DNA, thealues predicted by the present theory agree fairly well with those
predicted by non-linear Poisson—Boltzmann theory up to 0.15 M uni-univalent salt.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

An important quantity in polyelectrolyte theory

J.M. Schurr, B.S. Fujimoto / Biophysical Chemistry 101—102 (2002) 425-445

non-linear Poisson—Boltzmann theory is difficult
to apply, for example in bundles containing two
or more long linear discretely charged polyions

is the effective charge that enables the linearized [21-25.

Poisson—Boltzmanfor Debye—Huckel theory to

correctly predict the electrostatic potential in the
linear region at large distances from the polyion,
and which is important for estimating numerous
properties of dilute polyion solution§1-3. In

principle, this effective charge can be determined
by solving the non-linear Poisson—Boltzmann
equation or via Monte Carlo simulations, but
computational difficulties have so far limited such
efforts to either very smooth and regular charge
distributions or rather small arrays of discrete

In its original form, counterion condensation
theory provided no satisfactory prescription for
treating the effects of varying either the counterion
concentrationnc or the local polyion geometry on
the condensed fractiofr) of counterion charge,
while holding the axial spacinds) of polyion
charges constant. Yet it is clear that certain varia-
tions in mc (e.g. increasingmc into the region
Nb>1.0, where\ is the Debye screening parame-
ter) or in polyion structure(e.g. placing the same
number of charges per unit axial distance on two

charges. The main idea of counterion condensationwidely separated parallel lines rather than on a

theory is to avoid such computational difficulties
by incorporating a quasi-chemical counterion bind-

single line must strongly affect for somemc>
0. The effects of finiteme and polyion structure

ing equilibrium in a self-consistent manner directly are both important in studies of polyion bundling.
into the linear theory, where the linear superposi- For example, inside a small bundle of parallel
tion of potentials enormously simplifies the cal- polyions, all polyions within a couple of screening
culations. The counterion condensation theory lengths of any given polyion interact significantly

originally proposed by Manning for infinitely long,
straight, linear polyions yields numerous predic-
tions that are in remarkably good agreement with
experiments on various polyelectrolytes, including
DNA [4-7]. This is especially true in regard to

with that one, and contribute to increase its con-
densed fraction above thevalue appropriate for
a single isolated polyioi22]. Moreover, at finite
mc (or salt concentrationr is expected to become
independent of the total number of parallel

those properties that directly reflect changes in the polyions in the bundle, when the bundle diameter

condensed or bound fraction of counterion charge,

greatly exceeda .

such as the release of a fraction of the condensed Previous treatments of the effects of finite coun-

counterions when DNA melts, the variation of
DNA melting temperature with salt concentration,
the effect of salt concentration on electrostatic
binding equilibria, and variations in polyion elec-
trophoretic mobility with dielectric constan8,d
and counterion chargd0-13. Certain other prop-
erties that more indirectly reflect the condensed
fraction, such as the electrostatic contribution to
the persistence length, also agree well with the
predictions of counterion condensation thefi§].
Although counterion condensation theory gives a
poor account of the electrostatic potential and ion
distributions near the polyion surface by compari-
son with results of non-linear Poisson—Boltzmann
theory, [6,14—19 it compares favorably in other
regards[20] and is still widely used to estimate
the condensed fraction of counterions for polyions

terion concentration[7,9,21,22,26—3)0 have all
implicitly or explicitly assumed that the free vol-
ume, or partition function, of a condensed ion is
independent of counterion concentration. It seems
most unlikely that this assumption is correct for
two reasons(1) From one perspective, the con-
densed counterion charge merely represents the
difference between the actual polyion charge and
the effective polyion charge that in the linear
Debye—Huckel theory yields the same electrostatic
potential as the actual non-linear Poisson—Boltz-
mann potential in the linear region of the latter,
which occurs at large distances from the polyion.
In this view, the volume occupied by the con-
densed fraction of counterions lies inside the linear
region, the inner boundary of which moves inward
with increasing counterion concentration. Thus, the

in various circumstances, especially those where volume occupied by the condensed counterions is



J.M. Schurr, B.S. Fujimoto / Biophysical Chemistry 101—-102 (2002) 425—445

expected to decrease with increasing salt concen-

tration, as shown by several authdiks7,31,32.
(2) From another perspective, the free volume, or
partition function of a condensed ion, is not actu-
ally the volume occupied by the counterions but
instead is an effective binding consta(gg’) for
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significant decrease of below the limiting value
at mc=0. This point will also be explicitly dem-
onstrated below.

Many earlier treatments of the effects of polyion
structure, including finite polyion length, have
implicitly or explicitty assumed that both the

the association of a counterion with a charged site condensed fraction and free volume were uniform

along the polyion[9]. The interaction of a bound
counterion with the neighboring polyion sites is
taken into account in the electrostatic free energy
of the polyion. However, the electrostatic interac-
tion of each counterion with the particular polyion
charge to which it is most proximally bound is not
included in that polyion free energy, but is mani-
fested instead as an unknown contribution to the
effective site binding constanft’ [9]. Because the
latter interaction is strongly screened by any salt
present, the effective site binding constant, or
equivalently the free volume, is expected to
decrease with increasing salt concentration.
Nearly all previous treatments of the effects of
polyion structure, including finite chain length, on
counterion condensation at finite: have implic-
itly assumed that the free volume, or equivalently
the effective site binding constapt, is independ-
ent of the polyion structurg?,9,21-29. In explicit
evaluations[7,9,26,2T the free volume was usu-
ally taken to be the value applicable to an infinite
discretely charged line with the same axial charge
spacing in thenc — 0 limit. It will be demonstrated
rigorously below that the free volume, @,
actually depends strongly on polyion structure,
even in themc— 0 limit. This point was recently
noted by Manning for the case of a single-helix
[30]. Consequently, one may not generally employ
the free volume applicable to a charged line in the
mc— 0 limit in order to calculate the condensed
fraction r for polyions with alternative structures
at finite mc. In the mc— 0 limit, the condensed
fraction of counterions is independent of polyion

structure and depends only upon the average axialthe

charge spacingy, but the free volume, o3,
nevertheless varies with polyion structure, as will
be explicitly demonstrated for several alternative

at all sites of the polyion, even when those were
energetically and structurally inequivalefi2l—
27]. As demonstrated by Record et 483-39,
this assumption is clearly invalid near the ends of
charged arrays, although it may be a useful approx-
imation in certain cases, including very long
polyions.

Surprisingly, even for very long polyions with
uniform axial charge spacing, the presumption that
the condensed counterions are distributed uniform-
ly along the polyion is actually contradicted, when
the standard mean-field, or mean-occupation,
approximation is used to evaluate conventional
counterion condensation theory. That approxima-
tion actually yields an oscillatory charge distribu-
tion, as will be shown in detail in a subsequent
communication. Nevertheless, Monte Carlo simu-
lations of the actual distribution of condensed
counterions on the latticavithin the conventional
counterion condensation thedrexhibit no (or
nearly no oscillations in the distribution of con-
densed counterions, which demonstrates that such
oscillations are artifactual, arising from an essential
flaw in the mean-field approximation. This prob-
lem and others pertaining to site-to-site variations
of the condensed fraction of counterion charge
will be addressed in a subsequent paper. In the
present treatment of infinite linear arrays of peri-
odically positioned charges, we continue to impose
a uniform (non-oscillatory distribution of polyion
charge by assumption at the outset.

If counterion condensation depends upon local
polyion structure, it necessarily also depends on
location and orientation of neighboring
polyions, and is therefore expected to vary with
polyion concentration. This effect was treated
using a field theoretic method that is valid in, and

structures. For this reason, previous calculations of only in, the semi-dilute regimf28]. However, that

r for alternative structures that differ from uniform
discretely charged lines are almost certainly incor-
rect, wheneverme is so large as to cause a

theory, also invokes the assumption of a constant
B’ that is independent ofi, of polyion structure,
and of the average arrangement of neighboring
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polyions, and further assumes that all polyion
charges are equivalent in the sense thaind B’
are identical for all of them.

1.1. The problem of determining two unknowns
from a single equation

A major problem with the original counterion
condensation theory for an infinite discretely
charged line is that it yields a single binding
expression (Eq. (4) below) containing two
unknown variables, namely the condensed fraction
r and the effective site binding constgit or free
volume. This equation was traditionally solved for
both r and B’ in the limit mc— 0 by invoking an
auxiliary assumption, namely th@' is constant,
or dg’'/dmc=0. Provided that @'/dmc is not
infinite, the binding expression exhibits singular
behavior in the limitmc— 0, namely an infinite
discontinuity of its right-hand sidgrhs) as a
function of r. Consequently, it yields a unique
value for r, which is robust in the sense that it
‘solves’ the binding expression regardless of the
value of B, and is itself independent ¢, in the
mc— 0 limit. That is, for any given constant value
of B’, the corresponding value efthat solves the
binding expression can be brought arbitrarily close
to the unique limiting value simply by decreasing
me to a sufficiently small value. The clear impli-
cation of such singular behavior is th@t cannot
actually be determined from the binding expression
in the limit mc=0 without invoking a second
auxiliary assumption. In the traditional approach
[4,9], it is implicitly assumed that ifdm-=0, as
well as ’/dmc=0, in the domain of smalic,
and the binding expression is then solved oiat
some implicitly very small, but non-vanishing,
value ofm¢, such thatr retains its limiting value,
but the rhs of the binding expression no longer
exhibits a discontinuity as a function ef so a
unique value off’ can be determined. A third
assumption thatp’ is independent of polyion
geometry in themc—0 limit is demonstrably
incorrect under the assumptions of the traditional
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two auxiliary assumptions of the traditional
approach.

1.2. Principal objectives

Our objectives here are as follow&:) We shall
review the assumptions invoked in previous treat-
ments of counterion condensation at finitg. The
qualitatively incorrect predictions stemming from
the (incorrec) assumption thap’ is a constant
independent ofinc will be explicitly demonstrated.
(2) We shall extend counterion condensation the-
ory for infinite linearly extended arrays of equiv-
alent charges in such a way that bgh (or the
free volume and r are allowed to vary withnc
and with array geometry. This is accomplished by
invoking a less restrictive assumption than those
employed in the previous treatments discussed
above. This new auxiliary assumption yields a
second equation relatingy, » andmc that together
with the binding expression enables a simultaneous
solution for bothr and B’ at any given value of
me. A relatively simple general expression is
obtained forr in terms of bothmc and an inter-
action sum over the charges in the array, which
allows r to be determined without explicit knowl-
edge ofp’. An equally simple expression relates
B’ to r, mc and the interaction sum. The interaction
sum is analytically evaluated in the case of a single
infinite line of charges and also in the case of two
parallel infinite lines of charges. The results
obtained forr and B’ by using the new auxiliary
assumption are identical to those obtained by using
the two auxiliary assumptions of the traditional
approach in thenc— 0 limit. However, for each
polyion geometry, the results obtained by these
two approaches differ substantially at larger values
of mc. (3) It will be explicity demonstrated that
the new alternative assumption predicts qualita-
tively correct variations of and B’ with mc. (4)

It will be explicitly demonstrated thap’ varies

with the geometry of an infinite array, even in the
limit mc— 0, by comparing the analytical result
for an array of two parallel charged lines, each

approach just described, and is unnecessary forwith axial charge spacing, with the corresponding

any array wherein the interaction sum can be
evaluated in thenc — O limit. For the latter reason,
this third assumption is not counted among the

result for a single charged line with axial charge
spacing b/2. (5) We shall evaluater and B’
numerically over a wide range of salt concentration
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me for isolated, infinite, linearly extended arrays
of charges with five different geometries, in each
of which every charge is equivalen6) The r-

values predicted for a uniformly charged cylinder
by the present theory will be compared with those
obtained by solving the non-linear Poisson—Boltz-
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long (i.e. N is so large that end-effects on the
average properties are negligible. The intrinsic
charges on the isolated chains are regularly spaced
so that, when the chains are symmetrically posi-
tioned in the array, the charges lie at electrostati-
cally equivalent positions on the surface of a

mann equation. As will be seen, the present theory cylinder. A potential binding site for counterions

predicts qualitatively correct behavior of for
every geometry, and in the case of the uniformly
charged cylinder provides a quantitatively useful
approximation to the-values obtained from non-
linear Poisson—Boltzmann theory. In a second
paper,
appropriate for a cylindrical cell model are derived.
The computedr-values are combined with the
Donnan approximation to calculate the osmotic
coefficients for various low concentrations of salt
in the bathing solution. The resultingvalues are
comparable to those obtained by combining non-
linear Poisson—Boltzmann calculations for zero
salt with the Donnan approximatiofid9], and
agree moderately well with recent experimental
values[40].

In a third paper, this new approach will be
further extended to determine the individuafor
all charges in an array that may contain inequiva-
lent charges, including arrays of finite extent. As
noted above, application of the mean-field, or
mean-occupation, approach yields artifactual oscil-
lations in the condensed fraction of counterion
charge with position along the polyion. Different
approaches to obtain the actual non-oscillatory
result will be discussed in that work.

2. Theory for infinite arrays of equivalent
charges

2.1. The model

The polyion consists a¥ fixed univalent charg-
es that are not necessarily collinear, but whic
occupy equivalent positions in a regular array. We
focus here on arrays that are linearly extended in
one direction. For example, the array might consist
of n>1 long parallel straight chains symmetrically
arranged on the surface of a cylinder, or multi-
helix composed of: > 1 concentric, symmetrically

disposed, single-helices. These polyions are so

o[

is associated with each intrinsic polyion charge.
The salt is present at fixed chemical potential and
provides counterions with valencg at average
concentrationmne and coions(d) with valencezy

at average concentrationc/zqlmc The polyions

the corresponding binding expressions also provide sufficient counterions for neutraliza-

tion of the total polyion charge, but for the solitary
polyions considered here that contribution is neg-
ligible compared tom.. Both global and local
overcharging are prohibited in the states of lowest
energy considered here. Thus, when the polyion is
divided into sections, each witlzc| consecutive
univalent sites, no section contains more than a
single bound counterion. The maximum number
of bound counterions is thew/|zc|, and the
condensed fraction of the counterion charge,
r=nc/(N/lzcl), is the ratio of the actual number
of bound counterions per polyiofinc) to the
maximum number of bound counteriong/ |z|.

2.2. Generic results

When the number(N) of intrinsic univalent
charges on the polyion is very large, the lattice
binding theory described in Appendix A yields the
binding relation(Eg. (A19)),

()

r= B”ZC’e7 lm Ce+ 2(1—r)LglzclS;(N)

where B’ =B /mq is the (unknown local effective

binding constant for the 1.0 molar standard state,
B is the (unknown local equilibrium constant for

the mole fraction 1.0 standard staig;=55.6 is
h the molarity of pure liquid water, angi is the

concentration of the salt, which supplies counter-
ions with valencez- and coions with valenceg.

Also Lg=¢€?/kT is the Bjerrum length, and the

interaction sum is definetwith fixed ;) by

Zei}\rﬂ/rﬂl (2)

1#j
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wherein A =(8mw(N5/1000(q?/ekT))¥? is the
Debye screening parametey, is the protonic
charge,¢ is the dielectric constant, is the Kelvin
temperature, k is Boltzmann’s constant,/=
mc(z&+|zc/z2dz%) /2 is the ionic strength, and,
is the distance between theh and ith polyion
charges. In deriving Eq(1) and Eg.(2) it has

J.M. Schurr, B.S. Fujimoto / Biophysical Chemistry 101—102 (2002) 425-445

me. Then, the corresponding value @’ is
obtained by solving Eq(4) for some small, but
non-vanishing, value ofi., for which the rhs of
Eq. (4) exhibits no true discontinuity. Substituting
the limiting value,r=1—1/(Lglzcl/b), into the
rhs of Eq.(4) renders it independent ofic, and
the subsequent solution f@ gives

been assumed that the same condensed fraction of

counterion charger;=r is found at all of the
equivalent sites of the extremely long polyion. The
SA(N) in Eq. (2) is independent of, except for a
negligible subset of sites near the chain ends.
For completeness we note that Ed) and Eq.
(2) apply equally well to non-linear arrays con-
taining equivalent charges in sufficient number,

B’ =e4mb3(N x,/1000)
X ((Lelzc]/b) = 1)(1 +z4/2d])

where N,, is Avogadro’s number. Eq(5) is
identical to Manning's expression for the free
volume.

In the protocol suggested by Manning, the

€

such as a many-sided regular planar polygon or a extension to finiten is effected by assuming that

regular or Archimedean polyhedron with charges
at the apices.

For a straight line of discrete charges with
uniform spacingb along the polyion, the interac-
tion sum is well known

) ef)\hl l
S(N)= =—-In(l—e M 3
0= L=, ) &)
and
r= B/e— 1|Zc|mc(1 —e- )\b) —2(1—r)(Lglzcl/P) (4)

If B’ is identified with Manning's free volume,
then Eq.(4) becomes identical to the correspond-
ing binding expression of Manning for the same
circumstancd4,5]. This single equation was orig-
inally ‘solved’ for the two unknowns; andp’, by
first assuming that @f /dm-=0, soB’ is constant
and does not contribute to the variation of the rhs
of Eq. (4) with mc. In the limit mc=0, and when
Lglzcl/b>1.0, the rhs of Eq(4) is infinite for
r<1-1/(Lg)|zcl/b) and zero for r>1-1/
(Lglzcl/b); hence no solution is possible, except
when r=1—-1/(Lglzcl/b), which is adopted as
the limiting solution forr. In the limit mc=0, this
same value of satisfies Eq(4), for any value of
B’, due to the strength of the singularity. Converse-
ly, any value ofp’ could in principle satisfy Eq.
(4) whenmc=0. However, by assuming that 4
dmc=0 in the domain of sufficiently smalk,
one may employ the limiting value efaway from
the mc=0 limit but still in the domain of small

B’ remains constant frorme=0 up to moderate
me. Moreover, it has commonly been assumed that
the value off’ in Eq. (5) for discretely charged
lines applies also for infinite linearly extended
arrays with alternative geometries, such as bundles
of two or more parallel discretely charged lines or
double-helices. However, both of these assump-
tions are incorrect, as shown by the following
arguments and example§l) As noted in the
introduction, B’ is expected to decrease with
increasingmc, regardless of whether it represents
the free volume occupied by the condensed coun-
terions, or instead represents a local effective
binding constant(2) When the Manning protocol

is applied to a discretely charged line, H®) is
inserted into Eq(4) and the latter is then solved
for r at various values ofn.. The resultingr-
values are predicted to increase with increasing
mc, as shown explicitly for an intrinsic charge
spacingb=3.4 A by the open squares in Fig. 1.
However, when the salt concentration is sufficient-
ly high that interactions between adjacent polyion
charges are negligibly small, no counterion con-
densation is expected. Consequentlynust actu-
ally decrease and vanish at sufficiently lamge,
contrary to the predictions of the Manning proto-
col! A particular example of this expected decrease
in counterion condensation is as follows. Consider
an infinitely long uniformly charged cylinder of
arbitrary (finite) diameter. First, the non-linear
Poisson—Boltzmann equation is solved to obtain
the surrounding electrostatic potential for various
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Fig. 1. Comparison of the Manning protocol with the present approach for polyions of infinite length.logomc. 7 is the
condensed fraction of counterion charge andis the concentration of univalent counterions. Open cir¢le3 are calculated via
the Manning protocol for two parallel charged lines, each with axial charge spaei®y4 A, that are separated hi=200 A.
These calculations are performed by assuming @hatp’, remains fixed at the value given by E@®2) adopting Eqs(15), (16)
and(18) for §;(A), and solving Eq(1) for . Open square§]) are calculated via the Manning protocol for a single charged line
with axial spacingp=3.4 A. These calculations are performed by fixipgat thep’s given by Eq.(5), and then solving Eq(4)

for r. Filled circles(®) are the results of the present approach for two parallel charged lines, each with axial $pagidgA,
that are separated hy=200 A. This curve, which also appears in Fig. 2, is calculated using ZJ).

ionic strengths. In its linear region, which prevails toward saturation with increasing ligand concentra-
at a sufficient distance from the cylinder, the non- tion, so r perforce increases witlu: in such a
linear potential has the same form as the solution case. However, counterion condensation at finite
of the linear Poisson—Boltzmann equation. By mc behaves differently, in a manner much more
matching the magnitude of the latter to the former, closely approximated by the present alternative
the effective linear charge density required in the approach as will be demonstrated explicitly below.
linear theory to achieve the match can be deter- (3) The effective binding constar’ generally
mined [1,3]. That effective linear charge density depends upon the lateral geometry of the array as
in the linear theory is found to be less than the well as on the axial charge spacing, even when
actual linear charge density of the polyion, and to m-=0, as demonstrated explicitly below for the
approach that value with increasing.. This will case of two parallel discretely charged lines. In
be explicitly demonstrated in Fig. 4 below. themc=0 limit the same value of’ should, and
Because the difference between the actual chargecan, be obtained under either the original assump-
density and the effective value in the tail-matched tions of the Manning protocol, namely3t/ dms=
linear theory represents the condensed counterionO and d&/dmc=0, or under the alternative assump-
charge, the condensed fraction of the counterion tion described below, because they are equivalent
charge manifestly decreases with increasingin in that case. However, in most previous applica-
this example. The contrary increase inwith tions of the Manning protocol it was not noticed
increasingmc that is predicted by the Manning that B’ varies with lateral geometry of the array,
protocol is a direct consequence of the assumptionand Eq.(5) was simply used for all geometries.
that B’ is constant. Any site with an invariant When this oversight is rectifiedd’ is found to
binding constant must proceed monotonically vary with lateral geometry of the array even within
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the Manning protoco[30]. In either the Manning
protocol or in the present alternative protocol
(described below the value of B’ affects the
condensed fractionr only at finite mc when r
begins to deviate from its limiting valug4) In
the case of two parallel charged lines, ag

increases beyond the point where the two lines no

longer significantly interact, botl3’ and » must

decrease from the values characteristic of the two

parallel lines to the values typical of the corre-
sponding single charged lines. However, when the
Manning protocol with the constant value @f
appropriate for two parallel charged lines is
applied, it again predicts an increase sinwith
increasingme, contrary to expectation. Explicit
results of the Manning protocol for the case of
two parallel charged_ lines, each with intrinsic
charge spacing=3.4 A, separated by=200 A,
are given by the open circles in Fig. 1. Neither the
expected decrease innor the expected merging
of the curve of open circles with that of the open
squaredtypical of each constituent single charged
line) is observed. This is a clear demonstration
that the Manning protocol for extending counterion
condensation theory to finitec is invalid. As will

be seen, these errors arise primarily from the
assumption that@l /dmcs=0, and can be removed
by invoking an alternative assumption to obtain
the required auxiliary equation.

2.3. The new auxiliary equation and general
results

In order to determine and 3’ as a function of
me, it is generally necessary to invoke a second
equation in addition to Eq(1). We rewrite Eq.
(1) as

A(rBme) =0 (6)
where
A(r,B',mC) =r— Br|zc|e— 1mcez(1—r)LB|zC|S,(7\)

(7

is the difference between the left and rhs of Eq.
(). A(r, B', me) is assumed to be a continuous
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function of its three arguments far. > 0. In view
of Eq. (6), its total derivative with respect taic
must vanish for alkc:

( A J [BAJ [ dr J
_ + _ JR—
ome ), g r ) g e\ dmc

(i), a0

aB’ rymc dmC

In order to obtain an auxiliary expression from
Eqg. (8) it is necessary to invoke at least one
additional assumption. In the protocol proposed by
Manning it was assumed thapd dmc=0 for all
mc and also that ¢/ dmc=0 for smallmc, which
in view of Eq. (8) implies that(dA/dmc),z =0
for smallmc. In Manning’s approach,ddmc and
(0A/dmc), g no longer vanish outside the domain
of smallmc. As noted above, this assumption that
dB’/dmc=0 is incorrect and yields demonstrably
invalid results at finitemc. Hence, we infer that
B’ must vary, specifically’ must decrease, with
increasingmc. Unfortunately,3’ cannot be inde-
pendently assessed without solving both the non-
linear and linear Poisson—Boltzmann equations for
the array of polyion charges. If one could always
do that there would be no need for counterion
condensation theory. Within the framework of
counterion condensation theory one must resort to
one or more assumptions that are not well justified
in terms of a priori physicdtheoretical consider-
ations, but instead in terms of their plausibility
and the qualitative correctness and quantitative
utility of the resulting predictions.

We propose here an alternative auxiliary
assumption, namely thatA/dome),z =0 for all
me. This assumption is neither more nor less
arbitrary than those adopted previously, especially
the assumption thatid/dmc=0 for all mc. More-
over, it is actually somewhat less restrictive than
the two assumptions that were employed in the
Manning protocol in the domain of smalhc,
becausg(in view of Eq. (8)) it requires only that
dr/dmc=—dB’/dmc[(3A /3B, e/ (AN /3P ]
without further specifying that iddm-=0 and
dp’/dmc=0 separately in that region. In the
domain of smallme, the two assumptions of the
Manning protocol, namely /ddm-=0 and @’/

(8)
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dmc=0, imply the alternative assumptiolJA/  where B=p’e !|z.|. After multiplying Eq.(9) by

amc),g=0, but the converse is not true. me, inserting & /dmc=(K/2)ms ¥/2, where
Although this alternative assumption has as yet

no rigorﬁus pr|1ysicallIjusltificati.on, it ishi_n a practic_al K =[87(N/1000)

sense the only available option within counterion 1/2

condensation theory. The basic idea is that we X (q%/ (k) (1/2)(28 +[zc/2d2§] ™,

would like to determine andB’ by simultaneously .

solving both A(r, B, mo)=0 and A(r+(dr/ and making use of Ed.1), there results

dmc)dme, B+ (dB'/dmddme m+dm =0,

which are different versions of Eq8), for some O=r+r(1— Im¥?KLa|zd] aS;(\) (10)

small, but otherwise arbitrary, value ofnd. The N

problem in doing this obviously stems from the

unknown variation of- and 3’ with mc. The new The r=0 solution applies only when no coun-

assumption tha€dA(r, B, mc)/dmc), ;=0 means  terion condensation occurs. Wher 0, the com-

that A(r, B’, mc) remains invariant to first order  mon r factors may be divided out to obtain

small changes im not only whenr andp’ vary

in the correct way, but also whenand B’ remain 1 1 (1

fixed at their starting values, which satisfy(r, r=i=1 12 _

B’, mc)=0. According to Eq(8), this assumption e *KLafzcl(=)o5,(\) /oN

effectively couples the slopesrfimc and @3’/

dmc so that the combined slope terms make no

net contribution to the total change i(r, B’,

mc) with mc for small dne In any case, under

B’ can be found by substituting this value rointo
Eq. (1), which is rewritten as

this assumption the same value is obtained for g/— er (12)
both A(r, B', mc+dmc)=0 and for A(r+(dr/ (mclzc|e?® kel

dmc)dme, B+ (dB'/dm)dme mc+dmd=0. In

principle, A(r, B, mc+dmc)=0 and A(r, B/, Egs. (11) and (12) are the principal generic

mc)=0 can then be simultaneously solved to results of this section. In this formulatiom,can
obtain bothr and B’ which apply tome. In the be found from Eq(11) without knowledge of3'".
absence of any additional information or assump- The sum in Eq.(11) can be evaluated either by
tions about the separate values of/dn. and numerical differentiation ofS;(\), or by directly
dB’/dmc, a simultaneous solution for and B’ at evaluating the sum,
arbitrary m¢ is possible if, and only if, this alter-
native assumption is invoked. Thus, within the as(\) =
framework of counterion condensation theory, (=) o Ze !
which affords no independent information about =t
the separate magnitudes of/dmc and B’/dmc,
this alternative assumption is really the only ave- 3. Specific results and discussion
nue open. Its validity should be judged by the
qualitative correctness and quantitative accuracy Numerical values of andB’ are now calculated
of its predictions, which will be examined below. for five different linear arrays of infinite extent
The new auxiliary assumption is implemented over a range ofmc from 10~7 to 0.3 M. All
by differentiating both sides of E€6) with respect numerical calculations are performed for a uni-
to mc while holdingr andB’ constant, which gives  univalent salt(|zcl =1=1z4/), T=293 K, and a
~ ! ~ dielectric constant ¢=80.0, so that K=

O=perrafel® 4 mcf(2(1 = rLglzd) 3.28332x 107 cm* M~Y/2_ All of the calculations

95,(0) . 21— PLglcls,() 9) using counterion condensation theory were per-
N dmc formed using Mathematica 4. Analytical results for

(13
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Fig. 2. r vs. logomc for different polyions of infinite lengthr is the condensed fraction of counterion charge andis the
concentration of univalent counterions. Open squags apply for a single line of charges with axial spacibg 1.7 A. Open
diamonds(<) apply for a single line of charges with axial spacihg 3.4 A. Filled circles(®) apply for two parallel lines of
charges, each with axial spacing-3.4 A, that are separated laj=200 A Open symbols are calculated using Et@) and the
filled symbols using Eq(20), both of which are special cases of E4l) of the present alternative approach.

the array consisting of two infinite parallel lines
of charges are also presented.

3.1. A single infinite line of charges with uniform
spacing b

In this caseS;(\) is given by Eq.(3), and Eq.
(11) becomes:
r=1-mc**(KLg) "} —1) (14

In the limit mc—0, we have ¥—1=\b=
Kbm¥?, andro=1—1/(Lg/b), which is the Man-
ning result[4,5]. Use of this value ofry in the
samemc— 0 limit in Eqg. (12) yields B’o, which
is precisely the Manning value @ in Eq. (5) as
expected.

Egs.(14) and(12) are numerically evaluated to
yield the appropriate values af and B’ for this
single charged line at finitezc. For an axial(or
longitudina) spacing,b=3.4x10"8 cm, the cor-
responding values of are presented in Figs. 2 and
3, and the correspondin@’ values are given in
Table 1. The condensed fractionremains rela-

tively constant near its low-salt limiting value,
0.522, form-.<3x10~2 M, but declines signifi-
cantly at higherm., especially wherm >10-2
M, where Ab>0.1. Similar calculations are per-
formed for a 2-fold smaller longitudinal charge
spacing,b=1.7x10-8 cm, and the corresponding
r-values are plotted in Figs. 2 and 3 and the
values are presented in Table 1. In this case,
remains near its low-salt limiting value,=0.761,
for mc<0.1 M, but declines significantly at higher
mc, especially whenn.>0.3 M, whereb>0.3.
In both cases, namely wheh=3.4xX10-8 and
b=1.7x10-8 cm, with increasing:., B’ descends
significantly below its limiting value beforer
declines appreciably. It is noteworthy that the steep
relative decline inr sets in at a much smaller value
of \b for the chain withb=3.4 A than for that
with b=1.7 A. That is, the onset of the decline in
r does not scale exactly withb, which is not too
surprising, since there are three different relevant
length scales, namely, Lg and A%, and two
relevant dimensionless ratiosp and ALg, in this
problem.
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Fig. 3. r vs. logomc for different polyions of infinite lengthr is the condensed fraction of counterion charge andis the
concentration of univalent counterions. Filled circl@®) apply for a single-helix with diametet=20 A and 10 charges per turn
with axial spacingh=3.4 A Filled diamond< ) apply for a double-helix that consists of two identical concentric single helices,
each with diametes=20 A and 10 charges per turn with axial spacing3.4 A. The second helix is rotated by about the helix
axis from a position of coincidence with the first. Open diamoGd3 apply for a single charged line with axial spacihg 3.4 A.

This same curve appeared also in Fig. 2. Open squaresapply for the single charged line with axial spacihg 1.7 A. This
same curve also appeared in Fig. 2.

Table 1

Values ofp’ for different models

mc (M) B (M~1H2 Bu (M-hP B'm (M~1He° B'iv (M~1 B'v (M~1He
1077 1.712 0.624 131.287 nfc. n.cf
1076 1.710 0.624 127.247 19.46 30.67
10°° 1.691 0.622 106.549 19.23 30.53
1074 1.629 0.611 50.742 18.23 29.50
1073 1.473 0.580 6.332 14.86 25.38
3x10°3 1.343 0.552 2.062 11.72 21.27
102 1.147 0.507 1.179 7.26 15.12
3x10°2 0.919 0.457 0.920 3.11 8.99
10°* 0.630 0.372 0.630 nsk. 3.33
3x10°* 0.356 0.287 0.356 n%. n.s?

aComputed for a single-line of discrete charges with axial charge spaceirgj4x 10~ cm.

b Computed for a single-line of discrete charges with axial charge spaeiig7x10-8 cm.

©Computed for two parallel lines of discrete charges separated=b200x 10~8 cm, each with axial charge spacihg
3.4x1078 cm.

4 Computed for a single-helix of discrete charges with diameéte20x10-8 cm, axial charge spacing=3.4x10-8 cm, and
helix succession anglé =2 /10.

e Computed for a double-helix of discrete charges with diaméteR0x 108 cm, axial charge spacing=3.4X10"% cm on
each constitute single-helix, and helix succession adge2n/10.

fn.c., not calculated, due to inadequate convergence.

9n.s., negative solution far at this value ofnc implies thatr=0, and no solution exists fds'.
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The values ofr and B’ predicted by this alter-
native protocol both decline with increasimg,
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where Ko(\d) is the Oth order modified Bessel
function. In this case,

as expected on physical grounds. In these regards,

the predictions of the alternative protocol are at aS,(\) 1 d

least qualitatively correct.

3.2. Two parallel infinite lines of in-phase uniform-
ly spaced charges

In this case, the interaction sum is divided into

two subsums. The first sum contains all interac-

tions between thgth charge on one line and all

other charges on the same line, whereas the secondVherek.(x)=

subsum contains all interactions between ftie

charge on one line and all charges on the second

parallel line. That is,

SN =8(N)+5,,(M), (15)
where

e M1
Sjl(x)zlgl o= n(—e ™) (16)
which is just the result in E¢(3), and
S:00=2% "4 ; eri (17)

wherer;=(d?+(b1)?)¥? is the distance from the
jth charge on one line to th&h charge on the
second line, which is longitudinally displaced by
a distancebl and laterally displaced by. S;, can
be readily evaluated numerically at finite,.
However, whend>b, as will be assumed here,
S;»(\) can be accurately approximated by using

the linear Poisson—Boltzmann electrostatic poten-

tial for a uniformly charged line with linear charge
density (1—r)g/b, namely §(d)=[(1—r)q/
eb]2K,(\d), and the corresponding electrostatic
free energy of a line elemefib) with charge(1—
r)g placed in the electrostatic potential arising
from the other line, namelyA,=[(1-r)?¢?/

eb](1/2)(2)Ko(Ad) = [(1—-r)?q?/ ]S, which
gives
S2(N) =(1/b)K (Nd) (18)

ey b (19
and
r=1-mc**(KLg) (e —1)"*
+(d/D)K ()} (20)

—dKy(x)/dx is the first order mod-
ified Bessel function, and

re(l —e- )\b)Z(I —nLg/b g 2(1 = r)(Lg/b)K (A

B'= (2D

mc

In the limit mc—0, we have ¥—1=\b=
Kbm*?c,K,(\d) = +1/(Kdm¥?), and ro=1—
1(Lg/(b/2)), as expected for a linear array with
an average axial charge spacing/2. In the
domain of very smallme, Ko(Ad)— —{In(\d/
2)+ v}, wherey=0.5772 is the Euler—Mascheroni
constant, and

B'o=e"""8m(N,/1000(Lg/b—1/2)b%d/2
(22)

Eq. (22) demonstrates clearly tha@’ (or the
free volume depends on the ‘structure’ of the
linear array(via its dependence upaf), as well
as its linear charge density, even in the zero salt
(mc=0) limit. These results for, and B’y in the
mc—0 limit are identical to the corresponding
results that are obtained by using the protocol of
Manning, [4,5] because the two assumptions
employed in that protocol in thenc—0 limit,
namely dr/dmc=0 and dp’'/dmc=0 imply the
present assumptioigA /mc), =0 and are equiv-
alent to it in that limit.

Egs.(20) and(21) are numerically evaluated at
finite mc to yield the appropriate values efand
B’ for the case of two parallel charged lines
separated by a distane&=200x10"8 cm, each
with longitudinal charge spacing=3.4x10"8
cm. The corresponding values efare presented
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in Figs. 1 and 2, and the values @fare displayed

in Table 1. At low values ofmc<107% M, r
remains quite close to the limiting value at.=

0, namelyry,=0.761, which is identical to that of
a single straight chain with=1.7x10"8 cm, but
descends steeply betweer=10"* and 102 M

to a shelf that lies near the limiting value charac-
teristic of the single constituent charged lines, each
with »=3.4x10"8 cm, namely r,=0.523. B’
behaves in a qualitatively similar fashion, but its
transition between the values characteristic of 2

chains and 1 chain is considerably broader. Indeed,

already atmc=10"" M, B'=131.287 lies signifi-
cantly below the limiting value,’c=134.969
calculated via Eq(22) The value ofr is about
mid-way through the transition, whem.=10"3

M, at which pointAd=2.0, and the two lines are
significantly screened from one another. This tran-
sition of r for the two parallel charged lines from
values characteristic of a single charged line with
b=1.7X10"8 cm at lowmc to those typical of a
single charged line withh=3.4x10"8% cm at
highermc (cf. Figs. 2 and 3is a clear demonstra-
tion of the important effect of local structure on
counterion condensation at finiiec.

3.2.1. Comparison with results of the Manning
protocol at finite m¢

When the original assumptions and protocol of
Manning are applied to the case of two parallel
discretely charged lines, each witk-3.4 A, which
are separated by =200 A, in theme— 0 limit,
the values ofr, and B’ obtained are identical to

those found via the present alternative approach.

However, with increasingme in the region
mc>10"% M whered>0.7, the Manning proto-
col (wherein B'=p’, for all mc) predicts an
increase inr above the limiting valuey,=0.761,

as shown by the open circles in Fig. 1, whereas
the present treatment predicts a decreasefiom
ro=0.761 down to approximately=0.5, where
the curve for the two parallel lines merges with
that for either single linéc.f. Fig. 2). This merging
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3.3. A single-helix of discrete charges with uniform
axial spacing

In this case, the helix diameter i& and there
are exactly 10.0 charges per turn with a longitu-
dinal separation(axial spacing » between them.
The interaction sum in Eq(2) becomes(with
fixed ;)

—\rj

S;(\) = Z - (23)
where
=[(b)?+ (dsin(id/2))*] > (24)

and $=2m/10.0 is the helix succession angle
between neighboring charges. Although analytical
evaluations were not achieved in this case, numer-
ical evaluations of5;,(\) were performed over the
range ofmc from 10°° to 0.03 M by evaluating
the sum up to an upper limit of=10 000, at
which point the interaction sum was satisfactorily
converged in every case considered. The slope was
evaluated numerically according to

S;((1.001N) = S;(\)
(0.001)\

as;(\)
)N

(25)

Results obtained using E€25) match those from
Eq. (13

The calculated values efand@’ for this single-
helix with d=20x10"8 cm andb=3.4X 108 cm
are presented in Fig. 3 and Table 1, respectively.
At low-salt concentrationnc<10"2 M, r lies
very close to the values predicted for a single
straight line with the same axial spacing between
charges, but at higher values of;, r for the
single-helix falls progressively farther below that
for the straight line. This is due to the lateral
‘structure’ of the helix wherein the charges are

of the two curves is absolutely required, whenever farther apart and the electrostatic interactions
N\d is so large that the individual lines no longer between neighboring charges are more screened
interact with one another. The Manning protocol than in the case of the straight line. At all values
clearly fails to capture this essential aspect of the of mc, B’ for the single-helix significantly exceeds
expected behavior. the corresponding value for the straight line with
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the same axial spacing between charges. As in thelatter charges are indexed by the integewhich

case of two parallel lines, local structure of the
single-helix affectg3’ even at very low values of
me, as noted recently by Manning 50.

3.4. A double-helix of discrete charges with uni-
form axial spacing of pairs of charges

We consider a double-helix that consists of two
identical concentric single helices of the same kind
as in the previous section. That is, each single-
helix has diametedd and 10.0 charges per turn
with an axial (longitudina) spacingb between
them. The second helix is rotated by about the
symmetry axis of the double-helix from a position
of coincidence with the first helix. The succession
angle of both single and double helicesbis-2m/
10.0, and the helix repeat distance is#lPer turn.
Along the direction of the helix axis, the charges
of the double-helix occur in pairne charge on
each single-helix one pair every axial spacing

is set to/=0 at the axial position corresponding
to thejth charge on the first helix. The quantity in
square brackets can be simplified to 4é6/2),
if desired.S;;(\) and S;»(\) are evaluated numer-
ically to satisfactory accuracy over the range of
mc from 107 to 0.10 M by summing td=
10 000, at which point the interaction sums were
adequately converged in each case. The slopes of
S;2(\) andS;»(N) were both calculated numerically
according to Eq(25).

The calculated values efandp’ for this double-
helix with d=20x10"8 cm andb=3.4x10"8 cm
are presented in Fig. 3 and Table 1, respectively.
This model corresponds approximately to the
charge array of a straight DNA. As can be seen in
Fig. 2, the double-helix with diameted=
20x 108 cm exhibits practically the same values
of r at low mc as are found for the single charged
line with »=1.7x10"8 cm, and for the array of
two parallel charged lines that are separated by

Hence, the average axial spacing per ionic charged=100x10"8 cm, but together have the same

on the double-helix i$/2. As in the case of the
two parallel straight lines, the interaction sum
(with fixed j) can be decomposed into two
subsums,

S (M) =831(N)+Sz(\) (26)
where S;;(N\) contains the interactions of thgh
charge with all other polyion charges on the same
helix, andS;,(\) contains its interactions with all
charges on the opposite helix. Indeeth(\) is
given precisely by Eq(22) and Eq.(23) above
and

1 @M = g\
sz(x)=§ y +,;1 7 (27)
where
Fa={b)?*+(d/2)q(codlip +m) —1)?
+(sin(i))?] (29)

is the distance between thia charge on the first
helix and thelth charge on the opposite helix. The

average axial spacing between charges as the
double-helix, namely b/2=3.4x108/2=
1.7x10°8% cm. This demonstrates the expected
invariance ofr to local geometry for the same
average axial charge spacing at very low. At
largermc>10"2 M r for the two parallel charged
lines declines, as the two lines become effectively
screened from one another. However, the two
helices of the double-helix do not become signifi-
cantly screened untikc>10"2 M due to the close
proximity of the nearest charges on one helix to
any given charge on the opposite helix. For this
double-helix,r is predicted to fall to zero fomc
between 0.1 and 0.3 M. Values @ for the
double-helix exceed the corresponding values for
the single-helix and those for either single charged
line, again demonstrating the dependenc@’oén
local structure.

The helical array of charges modeled here is
similar to duplex DNA in regard to helix diameter,
pitch, and axial charge spacin@r linear charge
density. The present results suggest that use of
the limiting value,r=0.761, which is appropriate
for mc=0, for counterion concentrations that equal
or exceed 102 M may lead to significant error in
the case of duplex DNA.
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3.5. A cylindrical array of parallel charged lines

We consider m parallel, infinite, discretely
charged, straight lines that are uniformly disposed
in a cylindrical array. Since our objective is to
model a uniformly charged cylinder with diameter
of DNA (d=20 A), we take many charged lines
(m=100). We also want each line to appear
continuously charged as viewed by every other
line, so the spacing of discrete charges on each
line is taken to beb/n, whereb=1.7 A is the
average axial spacing between full phosphate
charges of DNA andn=1000. The distance
between neighboring linesdsin(2w/2(100)) =
6.28x107° cm exceeds the distance between
charges on any given ling;/1000=1.7x10" 11
cm, by 370-fold. Moreover, the Debye screening
length of the highest ionic strength considered
exceeds the distance between lines by 13-fold. We
wish our ‘cylinder’ to have the same linear charge
density as DNA, which in view of the preceding
remarks means that the elementary chargen
our array must be much smaller than the electronic
charge, specificallyy=e/(m-n). The electrostatic
energy in Eq.(A17) is reformulated in terms of
the new chargeg=e/(mn) and the new total
number of charges in the polyioéNmn, and an
interaction sum over all of the new charges. The
final result is that an additional factor,/(mn),
appears in the exponents of EGA19) and Eq.
(1). Upon applying the auxiliary condition there
results

1
T mEPKLe([zdl/ Gmn))(— S/ 0\ — S 2/ aN)
(29
where
S0 = —(L/(b/m)in(1—e-Vom) (308
S0 =S (1/(b/m)K frd)) (300)

and d,=d|sin(2wl/(2m)) is the distance between

439

0.80
0.70
0.60
0.50

—

0.40
0.30
0.20
0.10

0.00 ' ' '
— -3 —2

logig me

Fig. 4.r vs. log,o mc for a uniformly charged infinite cylinder
with the diametefd =20 A) and linear charge densifypna =
—lel/(1.7 &) of DNA. r is the condensed fraction of polyion
charge andnc is the concentration of univalent counterions.
Filled circles(®) are calculated according to the present coun-
terion condensation theory via E€B1), as described in the
text. Filled square§l) are calculated by solving the non-linear
Poisson—BoltzmanfNLPB) equation, determining the effec-
tive linear charge density,., that in the linear theory yields
the same potential as the NLPB solution in the very tail of the
latter, and reckoning the condensed fraction of charge-as:
(Vona — Ver)/Vona- T=293 K, ande=80.

any given line and itsith neighbor counting
sequentially around the cylinder. Inserting the cor-
responding analytical expressions from HG49)
yields finally

r=1

mY?K Le(|<d /(mn))((e’\b/" _y 1+nlil(dl/(b/n))l<1()\d,))
=1

(3D

The corresponding expression f@f is readily
obtained but is not of interest in this case.

In the limit mc—0, (er*/™—1)"*—>1/(\b/n)
and (d,/(b/n))K,(Nd)) > 1/\(b/n), sor=1—-1/
(Lg|zc|/b). In the present case of uni-univalent
salt, |zc| =1.0, andro=1—1/(Lg/b), which is the
same as for a single line of electronic chargeks
with spacingb, as expected.
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The condensed fraction is evaluated numerically that constitute the cylinder and a simultaneous 10-
for a range of salt concentrations from X0 to fold reduction in the charge spacing along each
0.15 M, and the results are presented in Fig. 4. In line, provided the diameter and linear charge den-
10~* M salt, the condensed fraction of counterion sity remain unaltered. This demonstrates that the
charge,r=0.758, is close to the Manning limit, density of discrete charges is sufficiently high to
ro=0.761. At higher salt concentrationglecreas-  satisfactorily simulate a uniformly charged cylin-
es, and follows very closely the corresponding der up to the highest ionic strength considered
curve for the double-helix with the same diameter (0.15 M).

and linear charge density in Fig.(@ot shown. An important feature of both curves in Fig. 4 is
the decline of the condensed fraction with increas-

3.5.1. Comparison with non-linear Poisson—Boltz- ing salt concentration, which is due to the screen-

mann theory ing of electrostatic interactions between any given

Also shown in Fig. 4 are the corresponding charge and those on the opposite side of the
values calculated from non-linear Poisson—Boltz- cylinder. Interestingly, the discrepancy between the
mann theory for a uniformly charged cylinder, as two curves is maximalin the range considered
described by Delrow et al3]. In this case, is when the salt concentration is approximately 0.03
calculated by taking the difference between the M and Ad=1.0.

actual polyion charge per unit length,.) and It is not known to what extent, if any, the
the effective charge per unit lengtbv,;) that modest discrepancy im-values predicted by the
enables the solution of the linearizédebye— counterion condensation and non-linear Poisson—

Huckel Poisson—Boltzmann equation to precisely Boltzmann theories arises from the difference in
match that of the non-linear Poisson—Boltzmann models. The counterion condensation theory per-
equation in the linear ‘tail’ region of the latter, tains to a porous cylinder, in which the counterions

and then dividing this difference by, That is, have full access to the interior of the rod, whereas
the non-linear Poisson—Boltzmann theory pertains
r=Wact— Ve /Vact (32 to an impermeable cylinder. Since it is not apparent

how to extend counterion condensation theory to

Our protocol follows that implemented by Sugai treat impermeable arrays of charges and since the
and Nitta [41], which yields the effective charge interiors of many polyions are impermeable to
of the tail-matching Debye—Huckel theory in the counterions, the present comparison may be the
most direct and unequivocal manner. The results most relevant in any case. The results demonstrate
of the non-linear Poisson—Boltzmann theory are clearly that the present counterion condensation
co-plotted with those of the present counterion theory yields fairly approximate results in the salt
condensation theory in Fig. 4. The present theory regime from 0.0003 to 0.15 M. Nevertheless, the
agrees closely with non-linear Poisson—Boltzmann modest size of the discrepancy suggests that the
theory at salt concentrations at or below 0.0003 present theory may provide a quantitatively useful
M, and again at 0.1 M, and deviates only modestly approximation to the condensed fraction in this
(<15%) over the entire range from 0.0003 to 0.15 regime for alternative geometries, where the non-
M. If this level of accuracy should apply to other linear Poisson—Boltzmann equation is not so read-
charged arrays of comparable diameter, then theily solved.
present extension of counterion condensation the-
ory would be quantitatively useful, especially for 3.6. Comparison with previous studies
finite irregular arrays of discrete charges, for which
solutions of the non-linear Poisson—Boltzmann  The spatial envelope of the Manning fraction of
equation and Monte Carlo simulations are still condensed counterions and its variation with coun-
somewhat impractical. The results of the counter- terion concentration have been investigated via
ion condensation theory in Fig. 4 are invariant to non-linear Poisson—Boltzmann theory and Monte
a 10-fold reduction in the number of parallel lines Carlo simulations[17,31,32. Partial invasion of
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this envelope by neutral salt occurs when the dicted values of- and B’ of the present approach
external salt concentration is increased, and leadsdiffer from the predicted values ofand assumed

to an increase in counterions within this domain.

fixed B’ of the previous protocol. In particular,

This has sometimes been interpreted as an increaséoth » and B’ decline with increasingnc. In the

in the condensed fraction of counterions with

increasing salt concentration. However, the pres-

case of a uniformly charged cylinder with the
dimensions and linear charge density of DNA, the

ence of coions in equal-charge amounts within the present extension of counterion condensation the-
same domain insures that the actual compensatingory predicts r-values that agree well with the

charge within the envelope occupied by the Man-
ning fraction (or any other fraction of the coun-

results of non-linear Poisson—Boltzmann theory at
low-salt concentrationgm:<0.0003 M, and again

terion charge does not change with increasing saltat mc=0.1 M, and deviate only modestly 15%
concentration. That is, after the counterions attrib- at intermediaten.. Thus, despite its approximate
utable to the invading neutral salt are subtracted nature, it can provide quantitatively useful esti-

out, there remains only the Manning fraction. In

mates ofr from low-salt up to 0.15 M, well into

this work, the magnitude of the condensed fraction the regime of declining-values. An unexpected

is defined in a rather different way, according to
Eqg. (32) The variation in magnitude of the con-

bonus is that numerical evaluation of the general
results forr and g’ in Eqg. (11) and Eq.(12) is

densed fraction of counterion charge, as defined considerably simpler than solving Manning's Eq.
here, with increasing counterion concentration has (1) of this pape) for any given value of3’.

not been investigated previously via solutions of
the non-linear Poisson—Boltzmann equation.

3.7. Summary of results

The above results for infinite arrays of equiva-
lent charges predict that the effective binding
constantB’ (or the free volumg declines with
increasingnc over the relevant concentration rang-
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Appendix A: Counterion binding theory for
long linear polyions with electrostatically equiv-

es, as expected, and also varies substantially withalent charges

polyion structure, generally increasing with the
number of chains and lateral dimension of the

The polyion possesse$ fixed univalent intrin-

charged array, also as expected. Thus, our proposedic chargeg; that are not necessarily collinear, but

assumption that(dA(r, B’, mc)),e=0, which
together with the binding expression in E(L)
yields the general results in Eg&ll) and (12),
leads to qualitatively correct predicted behavior
for r and, especially, fop’. In this regard, the new
assumption is a significant improvement over that
employed previously, namelypd/dm-=0 for all
me. The new auxiliary assumption and the result-
ing Egs.(11) and(12) necessarily yield the same
randp’ as the previous protocol in the domain of
very smallmg¢, since the two assumptions of the
previous protocol are equivalent to our new aux-
iliary assumption in that same smail- domain.
However, at larger values ofic, where electro-

which nevertheless occupy equivalent positions in
a regular array that is highly extended in one
direction. N is so large that end-effects involve
only a negligibly small fraction of the intrinsic
charges, and the vast majority of the remaining
polyion charges are practically equivalent. There
is one potential counterion binding site per equiv-
alent charge, but we eliminate from consideration
all states that involve locdlor globa) overcharg-
ing. Thus, when the polyion is divided into sec-
tions, each with|zc| consecutive sites, wherg

is the counterion valence, no section ever contains
more than a single bound counterion. We consider
reactions in whichc counterions(C) bind to the

static screening of nearest-neighbor charges ornaked polyion (P) to produce the complex

groups of charges becomes significant, the pre-

(D,(nc)), whereJ denotes the particular configu-
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ration of thens bound counterions among theé its standard state to a single binding ‘site’ in its
binding sites on the polyion, standard state\A'°® generally contains an electro-

static contribution, as well as contributions from
P+ncC=D,(nc) (A1) interactions of shorter range and from different

configurations of the counterion, polyion, and sol-
The concentration of each specidyg) is vent within the single binding site. The electro-
assumed to be sufficiently low that it obeys Hen- static part ofAA' includes the screened Coulomb
ry’s Law, and its chemical potential is given by interaction between the counterion and binding site
(or monome) charge and also a term that takes
m. into account the activity coefficients of the com-
Mj=Mf’+kT|anEMf’+kT|n(—’J (A2) plex, naked polyion, and counterion. The latter
Mo term vanishes whem<=0 but increases in mag-
nitude with increasingnc. In any caseAA'™° is
expected to vary withnc at finite values ofmc.
Use of Eq.(A5) in Eq. (A4) gives

wheremy=55.6 M is the molarity of the solvent
(waten, X; andm; are the mole fraction and molar
concentration, respectively, arptj’ is the standard
state chemical potential of the specjedt will be
important to note thatn is the average concen-  o,ume z[m_cﬁ ]"C
tration associated with the chemical potential of mp mg
the counterion species C, not the local concentra-
tion, which may fluctuate about that average. The
equilibrium condition for Eq(A1) is

xexp — (A%(nc) —AS(0)/kT]  (AB)

where =expl — AA'°°/kT] is the equilibrium con-

ot e o= oy (A3) stant for the mole fraction 1.0 standard state.
Pooere Phee Summing Eq.(A6) over all configurations/ for
Upon substituting the Eq(A2) into Eq. (A3) each value ofic, and then over all possible values
and rearranging there results of nc yields
mDJ(n,C) mC nc o mp N (mCBJnC
—e | == | exp — ex
mp [mo] F{ (}J"Dj(ﬂc) mp ”CZI Z F{
—pp—nang/kT| (A4) — (AS/(nc) —A%(0)) /KT
= X(mC1T1N) (A7)

We assume that the difference in standard state
chemical potentials on the rhs of EGA4) can be
partitioned into a contribution due to long-range Wheremp= Z Y. Mp,ue IS the total concentra-
electrostatic interactions between polyion subunits ne=t / . i
and a contribution from configurations and inter- o of complexes. The second equality defines the

actions within the binding site of a single subunit: €ffective grand partition functionx(me, T, N).
Combining Eq.(A7) with the conservation relation

18,y — LB— 1t 2= A%/(nc) for the total polyion concentration,

el loc
A?(0)+ncAA (A5) 8= motme (A8)
A®(0) is the sum of all long-range electrostatic
interactions between different subunits in the
naked polyion PAf(nc) is the corresponding sum
for the complex D(nc), and AA'C is the free = —X_ 0 (A9)
energy change upon transferring a counterion in

yields
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When N is extremely large and the condensed
fraction of counterion charge=nc/(N/lzcl) is
non-vanishing, there is negligible probability of
finding a naked polylon sonp/mp=x(mg, T,
N)> 1.0 andmp=mg. In this caséassumed heje

the average number of bound counterions per

polyion is practically identical to the average
number of bound counterions per complex, which
is given by

Z nc=1 Z NcMp,me)
Z nc=1 Z mDJ("C)

alnx(mc,T,N)
S —

nc

Al
amc (A10)

wherein the partial derivative on the rhs is taken
at constantd ¥(nc) and .

We assume that configuratiods, in which the
bound counterions are distributeghearly) uni-
formly dominate x(mc, T, N), which is true in
fact, though not when the mean-occupation
approximation is applied, as noted in the text.
Moreover, all sufficiently uniform configurations
J, have practically the same electrostatic free
energy, so for those configurations,

exd — (A7, nc) Ae’(O))/kT]
=exf —( )—A(0))]

is independent of the, index. Then,x(mc, T, N)
becomes

(A11)

mcf

mo

x(me,T.N)= f“ [

nc=1

) Cexq: Ael nc

—A(0)) /KT W (nc) (A12)

whereW(nc) = 21(1.0) is the number of uniform

configurations for a polyion with. bound coun-
terions.W(n¢) is evaluated as follows. The average
number of binding sites per bound counterion is
N/nc. The binding sites on the polyion are divided
into ne contiguous domains each containing
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ne binding sites. The nearly uniform distributions
contain one and only one counterion in every
domain. There ar@&//nc possible binding sites for
each counterion in its domain, so the total number
of nearly uniform distributions is approximately

(o)

Inserting Eq.(A13) into Eq. (A12) yields

W(ne) (A13)

X(neT.N)= 3 (’"—CB

nc=1

—A%(0)) /kT](nﬁcjnc

] exg —(A%(nc)

mo

(A14)

In principle, Inx(mc, T, N) can be approximated
by In(maxterm, where maxterm denotes the larg-
est term in the sum oveirc. In view of Eq.(A10),
it is assumed that this maxterm occurs for =
ne. The extremum condition for the summand is:

ai_{ﬁcln[mCB ) —(A%(c)
— A%(0)) /KT +7idn(N/ ﬁc)]
O=In(mm—cfj

(A% /KT)

nc

+In(N/ng)—1 (A15)

After exponentiating EqtA15) and multiplying
both sides by the fraction of condensed polyion
charge r=nc|zd/N , wherenc is the extremum
(and averagevalue, one has

(A kT
r=mC[Eel]|zc|exp{— O@/kT)
mg

Al
onc (A16)

Within the counterion condensation model, the
polyion charges interact via a screened Coulomb
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potential, and the effective value of each polyion
charge isq.=(1—r)gq, wheregq is the electronic
charge. For an array of equivalent polyion charges,

A%(ne) /KT =(1=r)*(¢%/ ekT)N [%) Y e
CA=LNSO)
(A17)

where Lg=¢g?/ekT is the Bjerrum length, the
interaction sum for thgth polyion charge is

1
S\ = (5) Y el (A18)
1+
the Debye screening length i9=(8mw(NA/

1000¢21/(£kT))¥2, and the ionic strength of the
salt isI=(1/2)mc(z2+ |zc/zdz3), wherez cis the
counterion valence and, is the coion valence.
Use of Eq.(A17), Eg. (A18) andr=nclzcl /N in
Eqg. (A16) yields

r=mcp/|zcle "2t ) (AL9)
where B’'=3/mq is the equilibrium constant for
the 1.0 molar standard state. i is identified
with Manning’s free volume, and;(\) is evalu-
ated for a line of discrete charges with intrinsic
spacing b, which gives S,(\)=—(1/b)In(1-

e '\P), then Eq.(A19) becomes identical to Man-
ning’s expression in the same limit of univalent
polyion charges, and negligible deviation of the
small-ion activity coefficients from 1.0. As dis-
cussed following Eq.(5) in the text, B'=(1/
mo)expl — AA'°¢/kT] is expected to vary withnc

at finite mc in any case.
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