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Abstract

The counterion condensation theory originally proposed by Manning is extended to take account of both finite
counterion concentration(m ) and the actual structure of the array of discrete changes. Counterion condensation isC

treated here as a binding isotherm problem, in which the unknown free volume is replaced by an unknown local
binding constantb9, which is expected to vary withm and polyion structure. The relation between the condensedC

fraction of counterion charge,r, b9 and m is obtained from the relevant grand partition function via the maximumC

term method. In the case of the single polyion in a large salt reservoir, the result is practically identical to Manning’s
equation. In order to determine the values ofb9 and r at arbitrarym , a second relation betweenr, b9 and m isC C

required. We propose an alternative auxiliary relation that is equivalent to previous assumptions nearm s0, butC

which yields qualitatively correct and quantitatively useful results at finitem . Simple expressions forr vs. m andC C

b9 vs. m are obtained by simultaneously solving the binding isotherm and auxiliary equations. Thenr and b9 areC

evaluated for five different linear arrays of infinite extent with different geometries:(1) a straight line of charges
with uniform axial spacing;(2) two parallel lines of in-phase uniformly spaced charges;(3) a single-helix of discrete
charges with uniform axial spacing;(4) a double-helix of discrete charges with uniform axial spacing of pairs of
charges;(5) a cylindrical array of many parallel charged lines, chosen to simulate a uniformly charged cylinder. In
all cases, the computed binding isotherms exhibit qualitatively correct behavior. Asm approaches zero,r approachesC

the Manning limit,rs1y1y(L yb) whereb is the average axial spacing of electronic charges in the array andL isB B

the Bjerrum length. However,b9 varies with polyion geometry, even in the zero salt limit, and matches the Manning
value only in the case of a single straight charged line. With increasingm , r declines significantly below its limitingC

value wheneverlb 0.3, wherel is the Debye screening parameter. In the case of cylindrical arrays containingR
either 2 or 100 parallel charged lines,r also decreases, wheneverld 2.0, whered is the diameter of the array. InR
the case of two parallel charged lines, each with axial charge spacingbs3.4 A, which are separated byds200 A, r˚ ˚
exhibits a plateau value, 0.76, characteristic of the two combined lines, whenld<2.0, and declines with increasing
m to a shelf value, 0.52, characteristic of either single line, whenld 2.0 and the lines become effectively screenedRC

from one another.b9 behaves in a roughly similar fashion. In the case of a cylindrical array of charged lines with the
diameter and linear charge density of DNA, ther-values predicted by the present theory agree fairly well with those
predicted by non-linear Poisson–Boltzmann theory up to 0.15 M uni-univalent salt.
� 2002 Elsevier Science B.V. All rights reserved.

Keywords: DNA; Counterion condensation theory; Geometry

*Corresponding author. Tel.:q1-206-543-6681.
E-mail address: schurr@chem.washington.edu(J.M. Schurr).



426 J.M. Schurr, B.S. Fujimoto / Biophysical Chemistry 101 –102 (2002) 425–445

1. Introduction

An important quantity in polyelectrolyte theory
is the effective charge that enables the linearized
Poisson–Boltzmann(or Debye–Huckel) theory to¨
correctly predict the electrostatic potential in the
linear region at large distances from the polyion,
and which is important for estimating numerous
properties of dilute polyion solutionsw1–3x. In
principle, this effective charge can be determined
by solving the non-linear Poisson–Boltzmann
equation or via Monte Carlo simulations, but
computational difficulties have so far limited such
efforts to either very smooth and regular charge
distributions or rather small arrays of discrete
charges. The main idea of counterion condensation
theory is to avoid such computational difficulties
by incorporating a quasi-chemical counterion bind-
ing equilibrium in a self-consistent manner directly
into the linear theory, where the linear superposi-
tion of potentials enormously simplifies the cal-
culations. The counterion condensation theory
originally proposed by Manning for infinitely long,
straight, linear polyions yields numerous predic-
tions that are in remarkably good agreement with
experiments on various polyelectrolytes, including
DNA w4–7x. This is especially true in regard to
those properties that directly reflect changes in the
condensed or bound fraction of counterion charge,
such as the release of a fraction of the condensed
counterions when DNA melts, the variation of
DNA melting temperature with salt concentration,
the effect of salt concentration on electrostatic
binding equilibria, and variations in polyion elec-
trophoretic mobility with dielectric constantw8,9x
and counterion chargew10–12x. Certain other prop-
erties that more indirectly reflect the condensed
fraction, such as the electrostatic contribution to
the persistence length, also agree well with the
predictions of counterion condensation theoryw13x.
Although counterion condensation theory gives a
poor account of the electrostatic potential and ion
distributions near the polyion surface by compari-
son with results of non-linear Poisson–Boltzmann
theory, w6,14–19x it compares favorably in other
regardsw20x and is still widely used to estimate
the condensed fraction of counterions for polyions
in various circumstances, especially those where

non-linear Poisson–Boltzmann theory is difficult
to apply, for example in bundles containing two
or more long linear discretely charged polyions
w21–25x.

In its original form, counterion condensation
theory provided no satisfactory prescription for
treating the effects of varying either the counterion
concentrationm or the local polyion geometry onC

the condensed fraction(r) of counterion charge,
while holding the axial spacing(b) of polyion
charges constant. Yet it is clear that certain varia-
tions in m (e.g. increasing,m into the regionC C

lb)1.0, wherel is the Debye screening parame-
ter) or in polyion structure(e.g. placing the same
number of charges per unit axial distance on two
widely separated parallel lines rather than on a
single line) must strongly affectr for somem )C

0. The effects of finitem and polyion structureC

are both important in studies of polyion bundling.
For example, inside a small bundle of parallel
polyions, all polyions within a couple of screening
lengths of any given polyion interact significantly
with that one, and contribute to increase its con-
densed fraction above ther-value appropriate for
a single isolated polyionw22x. Moreover, at finite
m (or salt concentration) r is expected to becomeC

independent of the total number of parallel
polyions in the bundle, when the bundle diameter
greatly exceedsl .y1

Previous treatments of the effects of finite coun-
terion concentrationw7,9,21,22,26–30x have all
implicitly or explicitly assumed that the free vol-
ume, or partition function, of a condensed ion is
independent of counterion concentration. It seems
most unlikely that this assumption is correct for
two reasons.(1) From one perspective, the con-
densed counterion charge merely represents the
difference between the actual polyion charge and
the effective polyion charge that in the linear
Debye–Huckel theory yields the same electrostatic¨
potential as the actual non-linear Poisson–Boltz-
mann potential in the linear region of the latter,
which occurs at large distances from the polyion.
In this view, the volume occupied by the con-
densed fraction of counterions lies inside the linear
region, the inner boundary of which moves inward
with increasing counterion concentration. Thus, the
volume occupied by the condensed counterions is
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expected to decrease with increasing salt concen-
tration, as shown by several authorsw17,31,32x.
(2) From another perspective, the free volume, or
partition function of a condensed ion, is not actu-
ally the volume occupied by the counterions but
instead is an effective binding constant(b9) for
the association of a counterion with a charged site
along the polyionw9x. The interaction of a bound
counterion with the neighboring polyion sites is
taken into account in the electrostatic free energy
of the polyion. However, the electrostatic interac-
tion of each counterion with the particular polyion
charge to which it is most proximally bound is not
included in that polyion free energy, but is mani-
fested instead as an unknown contribution to the
effective site binding constantb9 w9x. Because the
latter interaction is strongly screened by any salt
present, the effective site binding constant, or
equivalently the free volume, is expected to
decrease with increasing salt concentration.

Nearly all previous treatments of the effects of
polyion structure, including finite chain length, on
counterion condensation at finitem have implic-C

itly assumed that the free volume, or equivalently
the effective site binding constantb9, is independ-
ent of the polyion structurew7,9,21–29x. In explicit
evaluationsw7,9,26,27x the free volume was usu-
ally taken to be the value applicable to an infinite
discretely charged line with the same axial charge
spacing in them ™0 limit. It will be demonstratedC

rigorously below that the free volume, orb9,
actually depends strongly on polyion structure,
even in them ™0 limit. This point was recentlyC

noted by Manning for the case of a single-helix
w30x. Consequently, one may not generally employ
the free volume applicable to a charged line in the
m ™0 limit in order to calculate the condensedC

fraction r for polyions with alternative structures
at finite m . In the m ™0 limit, the condensedC C

fraction of counterions is independent of polyion
structure and depends only upon the average axial
charge spacingb, but the free volume, orb9,
nevertheless varies with polyion structure, as will
be explicitly demonstrated for several alternative
structures. For this reason, previous calculations of
r for alternative structures that differ from uniform
discretely charged lines are almost certainly incor-
rect, wheneverm is so large as to cause aC

significant decrease ofr below the limiting value
at m s0. This point will also be explicitly dem-C

onstrated below.
Many earlier treatments of the effects of polyion

structure, including finite polyion length, have
implicitly or explicitly assumed that both the
condensed fraction and free volume were uniform
at all sites of the polyion, even when those were
energetically and structurally inequivalentw21–
27x. As demonstrated by Record et al.w33–38x,
this assumption is clearly invalid near the ends of
charged arrays, although it may be a useful approx-
imation in certain cases, including very long
polyions.

Surprisingly, even for very long polyions with
uniform axial charge spacing, the presumption that
the condensed counterions are distributed uniform-
ly along the polyion is actually contradicted, when
the standard mean-field, or mean-occupation,
approximation is used to evaluate conventional
counterion condensation theory. That approxima-
tion actually yields an oscillatory charge distribu-
tion, as will be shown in detail in a subsequent
communication. Nevertheless, Monte Carlo simu-
lations of the actual distribution of condensed
counterions on the lattice(within the conventional
counterion condensation theory) exhibit no (or
nearly no) oscillations in the distribution of con-
densed counterions, which demonstrates that such
oscillations are artifactual, arising from an essential
flaw in the mean-field approximation. This prob-
lem and others pertaining to site-to-site variations
of the condensed fraction of counterion chargerj

will be addressed in a subsequent paper. In the
present treatment of infinite linear arrays of peri-
odically positioned charges, we continue to impose
a uniform(non-oscillatory) distribution of polyion
charge by assumption at the outset.

If counterion condensation depends upon local
polyion structure, it necessarily also depends on
the location and orientation of neighboring
polyions, and is therefore expected to vary with
polyion concentration. This effect was treated
using a field theoretic method that is valid in, and
only in, the semi-dilute regimew28x. However, that
theory, also invokes the assumption of a constant
b9 that is independent ofm , of polyion structure,C

and of the average arrangement of neighboring
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polyions, and further assumes that all polyion
charges are equivalent in the sense thatr and b9

are identical for all of them.

1.1. The problem of determining two unknowns
from a single equation

A major problem with the original counterion
condensation theory for an infinite discretely
charged line is that it yields a single binding
expression (Eq. (4) below) containing two
unknown variables, namely the condensed fraction
r and the effective site binding constantb9, or free
volume. This equation was traditionally solved for
both r and b9 in the limit m ™0 by invoking anC

auxiliary assumption, namely thatb9 is constant,
or db9ydm s0. Provided that db9ydm is notC C

infinite, the binding expression exhibits singular
behavior in the limitm ™0, namely an infiniteC

discontinuity of its right-hand side(rhs) as a
function of r. Consequently, it yields a unique
value for r, which is robust in the sense that it
‘solves’ the binding expression regardless of the
value ofb9, and is itself independent ofb9, in the
m ™0 limit. That is, for any given constant valueC

of b9, the corresponding value ofr that solves the
binding expression can be brought arbitrarily close
to the unique limiting value simply by decreasing
m to a sufficiently small value. The clear impli-C

cation of such singular behavior is thatb9 cannot
actually be determined from the binding expression
in the limit m s0 without invoking a secondC

auxiliary assumption. In the traditional approach
w4,5x, it is implicitly assumed that drydm (0, asC

well as db9ydm s0, in the domain of smallm ,C C

and the binding expression is then solved forb9 at
some implicitly very small, but non-vanishing,
value ofm , such thatr retains its limiting value,C

but the rhs of the binding expression no longer
exhibits a discontinuity as a function ofr, so a
unique value ofb9 can be determined. A third
assumption thatb9 is independent of polyion
geometry in them ™0 limit is demonstrablyC

incorrect under the assumptions of the traditional
approach just described, and is unnecessary for
any array wherein the interaction sum can be
evaluated in them ™0 limit. For the latter reason,C

this third assumption is not counted among the

two auxiliary assumptions of the traditional
approach.

1.2. Principal objectives

Our objectives here are as follows:(1) We shall
review the assumptions invoked in previous treat-
ments of counterion condensation at finitem . TheC

qualitatively incorrect predictions stemming from
the (incorrect) assumption thatb9 is a constant
independent ofm will be explicitly demonstrated.C

(2) We shall extend counterion condensation the-
ory for infinite linearly extended arrays of equiv-
alent charges in such a way that bothb9 (or the
free volume) and r are allowed to vary withmC

and with array geometry. This is accomplished by
invoking a less restrictive assumption than those
employed in the previous treatments discussed
above. This new auxiliary assumption yields a
second equation relatingb9, r andm that togetherC

with the binding expression enables a simultaneous
solution for bothr and b9 at any given value of
m . A relatively simple general expression isC

obtained forr in terms of bothm and an inter-C

action sum over the charges in the array, which
allows r to be determined without explicit knowl-
edge ofb9. An equally simple expression relates
b9 to r, m and the interaction sum. The interactionC

sum is analytically evaluated in the case of a single
infinite line of charges and also in the case of two
parallel infinite lines of charges. The results
obtained forr and b9 by using the new auxiliary
assumption are identical to those obtained by using
the two auxiliary assumptions of the traditional
approach in them ™0 limit. However, for eachC

polyion geometry, the results obtained by these
two approaches differ substantially at larger values
of m . (3) It will be explicitly demonstrated thatC

the new alternative assumption predicts qualita-
tively correct variations ofr and b9 with m . (4)C

It will be explicitly demonstrated thatb9 varies
with the geometry of an infinite array, even in the
limit m ™0, by comparing the analytical resultC

for an array of two parallel charged lines, each
with axial charge spacingb, with the corresponding
result for a single charged line with axial charge
spacing by2. (5) We shall evaluater and b9

numerically over a wide range of salt concentration
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m for isolated, infinite, linearly extended arraysC

of charges with five different geometries, in each
of which every charge is equivalent.(6) The r-
values predicted for a uniformly charged cylinder
by the present theory will be compared with those
obtained by solving the non-linear Poisson–Boltz-
mann equation. As will be seen, the present theory
predicts qualitatively correct behavior ofr for
every geometry, and in the case of the uniformly
charged cylinder provides a quantitatively useful
approximation to ther-values obtained from non-
linear Poisson–Boltzmann theory. In a second
paper, the corresponding binding expressions
appropriate for a cylindrical cell model are derived.
The computedr-values are combined with the
Donnan approximation to calculate the osmotic
coefficients for various low concentrations of salt
in the bathing solution. The resultingr-values are
comparable to those obtained by combining non-
linear Poisson–Boltzmann calculations for zero
salt with the Donnan approximationw39x, and
agree moderately well with recent experimental
valuesw40x.

In a third paper, this new approach will be
further extended to determine the individualr forj

all charges in an array that may contain inequiva-
lent charges, including arrays of finite extent. As
noted above, application of the mean-field, or
mean-occupation, approach yields artifactual oscil-
lations in the condensed fraction of counterion
charge with position along the polyion. Different
approaches to obtain the actual non-oscillatory
result will be discussed in that work.

2. Theory for infinite arrays of equivalent
charges

2.1. The model

The polyion consists ofN fixed univalent charg-
es that are not necessarily collinear, but which
occupy equivalent positions in a regular array. We
focus here on arrays that are linearly extended in
one direction. For example, the array might consist
of n)1 long parallel straight chains symmetrically
arranged on the surface of a cylinder, or multi-
helix composed ofn)1 concentric, symmetrically
disposed, single-helices. These polyions are so

long (i.e. N is so large) that end-effects on the
average properties are negligible. The intrinsic
charges on the isolated chains are regularly spaced
so that, when the chains are symmetrically posi-
tioned in the array, the charges lie at electrostati-
cally equivalent positions on the surface of a
cylinder. A potential binding site for counterions
is associated with each intrinsic polyion charge.
The salt is present at fixed chemical potential and
provides counterions with valencez at averageC

concentrationm and coions(d) with valencezC d

at average concentrationNz yz Nm . The polyionsC d C

also provide sufficient counterions for neutraliza-
tion of the total polyion charge, but for the solitary
polyions considered here that contribution is neg-
ligible compared tom . Both global and localC

overcharging are prohibited in the states of lowest
energy considered here. Thus, when the polyion is
divided into sections, each withNz N consecutiveC

univalent sites, no section contains more than a
single bound counterion. The maximum number
of bound counterions is thenNyNz N, and theC

condensed fraction of the counterion charge,
r'n y(NyNz N), is the ratio of the actual numberC C

of bound counterions per polyion(n ) to theC

maximum number of bound counterions,NyNz N.C

2.2. Generic results

When the number(N) of intrinsic univalent
charges on the polyion is very large, the lattice
binding theory described in Appendix A yields the
binding relation(Eq. (A19)),

Øz ØS (l)y1 q2(1yr)L C jBZ Zrsb9 z e m e (1)C C

whereb9sbym is the (unknown) local effective0

binding constant for the 1.0 molar standard state,
b is the(unknown) local equilibrium constant for
the mole fraction 1.0 standard state,m s55.6 is0

the molarity of pure liquid water, andm is theC

concentration of the salt, which supplies counter-
ions with valencez and coions with valencez .C d

Also L se y´kT is the Bjerrum length, and the2
B

interaction sum is defined(with fixed j) by

B E1 ylrjlC FS (l)' e yr , (2)j jl8
D G2 l/j
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wherein ls(8p(N y1000)(q y´kT)I) is the2 1y2
A

Debye screening parameter,q is the protonic
charge,́ is the dielectric constant,T is the Kelvin
temperature, k is Boltzmann’s constant,Is
m (z q±z yz ±z )y2 is the ionic strength, andr2 2

C C C d d jl

is the distance between thejth and lth polyion
charges. In deriving Eq.(1) and Eq. (2) it has
been assumed that the same condensed fraction of
counterion charge,r sr is found at all of thej

equivalent sites of the extremely long polyion. The
S (l) in Eq. (2) is independent ofj, except for aj

negligible subset of sites near the chain ends.
For completeness we note that Eq.(1) and Eq.

(2) apply equally well to non-linear arrays con-
taining equivalent charges in sufficient number,
such as a many-sided regular planar polygon or a
regular or Archimedean polyhedron with charges
at the apices.

For a straight line of discrete charges with
uniform spacingb along the polyion, the interac-
tion sum is well known

ylbl` e 1 ylbS (l)s sy ln 1ye (3)Ž .j 8 bl bls1

and

Øz Øyb)y1 ylb y2(1yr)(L CBZ Zrsb9e z m 1ye (4)Ž .C C

If b9 is identified with Manning’s free volume,
then Eq.(4) becomes identical to the correspond-
ing binding expression of Manning for the same
circumstancew4,5x. This single equation was orig-
inally ‘solved’ for the two unknowns,r andb9, by
first assuming that db9ydm s0, sob9 is constantC

and does not contribute to the variation of the rhs
of Eq. (4) with m . In the limit m s0, and whenC C

L Nz Nyb)1.0, the rhs of Eq.(4) is infinite forB C

r-1y1y(L )Nz Nyb) and zero for r)1y1yB C

(L Nz Nyb); hence no solution is possible, exceptB C

when rs1y1y(L Nz Nyb), which is adopted asB C

the limiting solution forr. In the limit m s0, thisC

same value ofr satisfies Eq.(4), for any value of
b9, due to the strength of the singularity. Converse-
ly, any value ofb9 could in principle satisfy Eq.
(4) when m s0. However, by assuming that dryC

dm s0 in the domain of sufficiently smallm ,C C

one may employ the limiting value ofr away from
the m s0 limit but still in the domain of smallC

m . Then, the corresponding value ofb9 isC

obtained by solving Eq.(4) for some small, but
non-vanishing, value ofm , for which the rhs ofC

Eq. (4) exhibits no true discontinuity. Substituting
the limiting value,rs1y1y(L Nz Nyb), into theB C

rhs of Eq.(4) renders it independent ofm , andC

the subsequent solution forb9 gives

3b9se4pb ŽN y1000.Av

Z Z Z Z= L z yb y1 1q z yz (5)Ž . Ž .B C d CŽ .
where N is Avogadro’s number. Eq.(5) isAv

identical to Manning’s expression for the free
volume.

In the protocol suggested by Manning, the
extension to finitem is effected by assuming thatC

b9 remains constant fromm s0 up to moderateC

m . Moreover, it has commonly been assumed thatC

the value ofb9 in Eq. (5) for discretely charged
lines applies also for infinite linearly extended
arrays with alternative geometries, such as bundles
of two or more parallel discretely charged lines or
double-helices. However, both of these assump-
tions are incorrect, as shown by the following
arguments and examples.(1) As noted in the
introduction, b9 is expected to decrease with
increasingm , regardless of whether it representsC

the free volume occupied by the condensed coun-
terions, or instead represents a local effective
binding constant.(2) When the Manning protocol
is applied to a discretely charged line, Eq.(5) is
inserted into Eq.(4) and the latter is then solved
for r at various values ofm . The resultingr-C

values are predicted to increase with increasing
m , as shown explicitly for an intrinsic chargeC

spacingbs3.4 A by the open squares in Fig. 1.˚
However, when the salt concentration is sufficient-
ly high that interactions between adjacent polyion
charges are negligibly small, no counterion con-
densation is expected. Consequently,r must actu-
ally decrease and vanish at sufficiently largem ,C

contrary to the predictions of the Manning proto-
col! A particular example of this expected decrease
in counterion condensation is as follows. Consider
an infinitely long uniformly charged cylinder of
arbitrary (finite) diameter. First, the non-linear
Poisson–Boltzmann equation is solved to obtain
the surrounding electrostatic potential for various
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Fig. 1. Comparison of the Manning protocol with the present approach for polyions of infinite length.r vs. log m . r is the10 C

condensed fraction of counterion charge andm is the concentration of univalent counterions. Open circles(s) are calculated viaC

the Manning protocol for two parallel charged lines, each with axial charge spacingbs3.4 A, that are separated byds200 A.˚ ˚
These calculations are performed by assuming thatb9sb9 remains fixed at the value given by Eq.(22) adopting Eqs.(15), (16)0

and(18) for S (l), and solving Eq.(1) for r. Open squares(h) are calculated via the Manning protocol for a single charged linej

with axial spacingbs3.4 A. These calculations are performed by fixingb9 at theb9 given by Eq.(5), and then solving Eq.(4)0
˚

for r. Filled circles(d) are the results of the present approach for two parallel charged lines, each with axial spacingbs3.4 A,˚
that are separated byds200 A. This curve, which also appears in Fig. 2, is calculated using Eq.(20).˚

ionic strengths. In its linear region, which prevails
at a sufficient distance from the cylinder, the non-
linear potential has the same form as the solution
of the linear Poisson–Boltzmann equation. By
matching the magnitude of the latter to the former,
the effective linear charge density required in the
linear theory to achieve the match can be deter-
mined w1,3x. That effective linear charge density
in the linear theory is found to be less than the
actual linear charge density of the polyion, and to
approach that value with increasingm . This willC

be explicitly demonstrated in Fig. 4 below.
Because the difference between the actual charge
density and the effective value in the tail-matched
linear theory represents the condensed counterion
charge, the condensed fraction of the counterion
charge manifestly decreases with increasingm inC

this example. The contrary increase inr with
increasingm that is predicted by the ManningC

protocol is a direct consequence of the assumption
that b9 is constant. Any site with an invariant
binding constant must proceed monotonically

toward saturation with increasing ligand concentra-
tion, so r perforce increases withm in such aC

case. However, counterion condensation at finite
m behaves differently, in a manner much moreC

closely approximated by the present alternative
approach as will be demonstrated explicitly below.
(3) The effective binding constantb9 generally
depends upon the lateral geometry of the array as
well as on the axial charge spacing, even when
m s0, as demonstrated explicitly below for theC

case of two parallel discretely charged lines. In
the m s0 limit the same value ofb9 should, andC

can, be obtained under either the original assump-
tions of the Manning protocol, namely db9ydm sC

0 and drydm s0, or under the alternative assump-C

tion described below, because they are equivalent
in that case. However, in most previous applica-
tions of the Manning protocol it was not noticed
that b9 varies with lateral geometry of the array,
and Eq.(5) was simply used for all geometries.
When this oversight is rectified,b9 is found to
vary with lateral geometry of the array even within
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the Manning protocolw30x. In either the Manning
protocol or in the present alternative protocol
(described below) the value of b9 affects the
condensed fractionr only at finite m when rC

begins to deviate from its limiting value.(4) In
the case of two parallel charged lines, asmC

increases beyond the point where the two lines no
longer significantly interact, bothb9 and r must
decrease from the values characteristic of the two
parallel lines to the values typical of the corre-
sponding single charged lines. However, when the
Manning protocol with the constant value ofb9

appropriate for two parallel charged lines is
applied, it again predicts an increase inr with
increasing m , contrary to expectation. ExplicitC

results of the Manning protocol for the case of
two parallel charged lines, each with intrinsic
charge spacingbs3.4 A, separated byds200 A,˚ ˚
are given by the open circles in Fig. 1. Neither the
expected decrease inr nor the expected merging
of the curve of open circles with that of the open
squares(typical of each constituent single charged
line) is observed. This is a clear demonstration
that the Manning protocol for extending counterion
condensation theory to finitem is invalid. As willC

be seen, these errors arise primarily from the
assumption that db9ydm s0, and can be removedC

by invoking an alternative assumption to obtain
the required auxiliary equation.

2.3. The new auxiliary equation and general
results

In order to determiner andb9 as a function of
m , it is generally necessary to invoke a secondC

equation in addition to Eq.(1). We rewrite Eq.
(1) as

D r,b9,m s0 (6)Ž .C

where

Øz ØS (l)y1 2(1yr)L C jBZ ZD r,b9,m 'ryb9 z e m eŽ .C C C

(7)

is the difference between the left and rhs of Eq.
(1). D(r, b9, m ) is assumed to be a continuousC

function of its three arguments form )0. In viewC

of Eq. (6), its total derivative with respect tomC

must vanish for allm :C

B E B E B E≠D ≠D dr
C F C F C Fq
D G D G D G≠m ≠r dmC r,b9 b9,m CC

B E B E≠D db9
C F C Fq s0 (8)
D G D G≠b9 dmr,m CC

In order to obtain an auxiliary expression from
Eq. (8) it is necessary to invoke at least one
additional assumption. In the protocol proposed by
Manning it was assumed that db9ydm s0 for allC

m and also that drydm (0 for small m , whichC C C

in view of Eq. (8) implies that(≠Dy≠m ) s0C r,b9

for small m . In Manning’s approach, drydm andC C

(≠Dy≠m ) no longer vanish outside the domainC r,b9

of small m . As noted above, this assumption thatC

db9ydm s0 is incorrect and yields demonstrablyC

invalid results at finitem . Hence, we infer thatC

b9 must vary, specificallyb9 must decrease, with
increasingm . Unfortunately,b9 cannot be inde-C

pendently assessed without solving both the non-
linear and linear Poisson–Boltzmann equations for
the array of polyion charges. If one could always
do that there would be no need for counterion
condensation theory. Within the framework of
counterion condensation theory one must resort to
one or more assumptions that are not well justified
in terms of a priori physicalytheoretical consider-
ations, but instead in terms of their plausibility
and the qualitative correctness and quantitative
utility of the resulting predictions.

We propose here an alternative auxiliary
assumption, namely that(≠Dy≠m ) s0 for allC r,b9

m . This assumption is neither more nor lessC

arbitrary than those adopted previously, especially
the assumption that db9ydm s0 for all m . More-C C

over, it is actually somewhat less restrictive than
the two assumptions that were employed in the
Manning protocol in the domain of smallm ,C

because(in view of Eq. (8)) it requires only that
drydm sydb9ydm w(≠Dy≠b9) y(≠Dy≠r) xC C r,m b9,mC C

without further specifying that drydm (0 andC

db9ydm s0 separately in that region. In theC

domain of smallm , the two assumptions of theC

Manning protocol, namely drydm (0 and db9yC
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dm s0, imply the alternative assumption,(≠DyC

≠m ) s0, but the converse is not true.C r,b9

Although this alternative assumption has as yet
no rigorous physical justification, it is in a practical
sense the only available option within counterion
condensation theory. The basic idea is that we
would like to determiner andb9 by simultaneously
solving both D(r, b9, m )s0 and D(rq(dryC

dm )dm , b9q(db9ydm )dm , m qdm )s0,C C C C C C

which are different versions of Eq.(8), for some
small, but otherwise arbitrary, value of dm . TheC

problem in doing this obviously stems from the
unknown variation ofr andb9 with m . The newC

assumption that(≠D(r, b9, m )y≠m ) s0 meansC C r,b

that D(r, b9, m ) remains invariant to first orderC

small changes inm not only whenr andb9 varyC

in the correct way, but also whenr andb9 remain
fixed at their starting values, which satisfyD(r,
b9, m )s0. According to Eq.(8), this assumptionC

effectively couples the slopes drydm and db9yC

dm so that the combined slope terms make noC

net contribution to the total change inD(r, b9,
m ) with m for small dm . In any case, underC C C

this assumption the same value is obtained for
both D(r, b9, m qdm )s0 and for D(rq(dryC C

dm )dm , b9q(db9ydm )dm , m qdm )s0. InC C C C C C

principle, D(r, b9, m qdm )s0 and D(r, b9,C C

m )s0 can then be simultaneously solved toC

obtain bothr and b9 which apply tom . In theC

absence of any additional information or assump-
tions about the separate values of drydm andC

db9ydm , a simultaneous solution forr and b9 atC

arbitrary m is possible if, and only if, this alter-C

native assumption is invoked. Thus, within the
framework of counterion condensation theory,
which affords no independent information about
the separate magnitudes of drydm and db9ydm ,C C

this alternative assumption is really the only ave-
nue open. Its validity should be judged by the
qualitative correctness and quantitative accuracy
of its predictions, which will be examined below.

The new auxiliary assumption is implemented
by differentiating both sides of Eq.(6) with respect
to m while holdingr andb9 constant, which givesC

Øz ØS (l)2(1yr)L ˜˜ C jB Z Zqm b 2(1yr)L z0sbe Ž .C B C

≠S (l) dlj Øz ØS (l)2(1yr)L C jB= e (9)
≠l dmC

where 'b9e ±z ±. After multiplying Eq.(9) byy1b̃ C

m , inserting dlydm s(Ky2)m , wherey1y2
CC C

K'w8p N y1000.AŽ
1y22 2 2 xZ Z= q y(´kT) (1y2) z q z yz z ,Ž . Ž .C C d d

and making use of Eq.(1), there results

≠S (l)j1y2 Z Z0srqr(1yr)m KL z (10)C B C
≠l

The rs0 solution applies only when no coun-
terion condensation occurs. Whenr/0, the com-
mon r factors may be divided out to obtain

1
rs1y (11)1y2 Z Zw xm KL z (y)≠S (l)y≠lC B C j

b9 can be found by substituting this value ofr into
Eq. (1), which is rewritten as

er
b9s (12)

Øz ØS (l)2(1yr)L C jBZ Zm z eŽ .C C

Eqs. (11) and (12) are the principal generic
results of this section. In this formulation,r can
be found from Eq.(11) without knowledge ofb9.
The sum in Eq.(11) can be evaluated either by
numerical differentiation ofS (l), or by directlyj

evaluating the sum,

`≠S (l)j ylrjl(y) s e (13)8≠l js1

3. Specific results and discussion

Numerical values ofr andb9 are now calculated
for five different linear arrays of infinite extent
over a range ofm from 10 to 0.3 M. Ally7

C

numerical calculations are performed for a uni-
univalent salt(Nz Ns1sNz N), Ts293 K, and aC d

dielectric constant ´s80.0, so that Ks
3.28332=10 cm M . All of the calculations7 y1 y1y2

using counterion condensation theory were per-
formed using Mathematica 4. Analytical results for
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Fig. 2. r vs. log m for different polyions of infinite length.r is the condensed fraction of counterion charge andm is the10 C C

concentration of univalent counterions. Open squares(h) apply for a single line of charges with axial spacingbs1.7 A. Open˚
diamonds(e) apply for a single line of charges with axial spacingbs3.4 A. Filled circles(d) apply for two parallel lines of˚
charges, each with axial spacingbs3.4 A, that are separated byds200 A. Open symbols are calculated using Eq.(14) and the˚ ˚
filled symbols using Eq.(20), both of which are special cases of Eq.(11) of the present alternative approach.

the array consisting of two infinite parallel lines
of charges are also presented.

3.1. A single infinite line of charges with uniform
spacing b

In this case,S (l) is given by Eq.(3), and Eq.j

(11) becomes:

y1y2 y1 lbrs1ym (KL ) e y1 (14)Ž .C B

In the limit m ™0, we have e y1(lbslb
C

Kbm , andr s1y1y(L yb), which is the Man-1y2
C 0 B

ning result w4,5x. Use of this value ofr in the0

samem ™0 limit in Eq. (12) yields b9 , whichC 0

is precisely the Manning value ofb9 in Eq. (5) as
expected.

Eqs.(14) and(12) are numerically evaluated to
yield the appropriate values ofr and b9 for this
single charged line at finitem . For an axial(orC

longitudinal) spacing,bs3.4=10 cm, the cor-y8

responding values ofr are presented in Figs. 2 and
3, and the correspondingb9 values are given in
Table 1. The condensed fractionr remains rela-

tively constant near its low-salt limiting value,
0.522, for m Q3=10 M, but declines signifi-y3

C

cantly at higherm , especially whenm 10y2RC C

M, where lb 0.1. Similar calculations are per-R
formed for a 2-fold smaller longitudinal charge
spacing,bs1.7=10 cm, and the correspondingy8

r-values are plotted in Figs. 2 and 3 and theb9

values are presented in Table 1. In this case,r
remains near its low-salt limiting value,r s0.761,0

for m Q0.1 M, but declines significantly at higherC

m , especially whenm 00.3 M, wherelb 0.3.RC C

In both cases, namely whenbs3.4=10 andy8

bs1.7=10 cm, with increasingm , b9 descendsy8
C

significantly below its limiting value beforer
declines appreciably. It is noteworthy that the steep
relative decline inr sets in at a much smaller value
of lb for the chain withbs3.4 A than for that˚
with bs1.7 A. That is, the onset of the decline in˚
r does not scale exactly withlb, which is not too
surprising, since there are three different relevant
length scales, namelyb, L and l , and twoy1

B

relevant dimensionless ratios,lb andlL , in thisB

problem.
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Fig. 3. r vs. log m for different polyions of infinite length.r is the condensed fraction of counterion charge andm is the10 C C

concentration of univalent counterions. Filled circles(d) apply for a single-helix with diameterds20 A and 10 charges per turn˚
with axial spacingbs3.4 A. Filled diamonds(�) apply for a double-helix that consists of two identical concentric single helices,˚
each with diameterds20 A and 10 charges per turn with axial spacingbs3.4 A. The second helix is rotated byp about the helix˚ ˚
axis from a position of coincidence with the first. Open diamonds(e) apply for a single charged line with axial spacingbs3.4 A.˚
This same curve appeared also in Fig. 2. Open squares(h) apply for the single charged line with axial spacingbs1.7 A. This˚
same curve also appeared in Fig. 2.

Table 1
Values ofb9 for different models

m (M)C b9 (M )y1 a
I b9 (M )y1 b

II b9 (M )y1 c
III b9 (M )y1 d

IV b9 (M )y1 e
V

10y7 1.712 0.624 131.287 n.c.f n.c.f

10y6 1.710 0.624 127.247 19.46 30.67
10y5 1.691 0.622 106.549 19.23 30.53
10y4 1.629 0.611 50.742 18.23 29.50
10y3 1.473 0.580 6.332 14.86 25.38
3=10y3 1.343 0.552 2.062 11.72 21.27
10y2 1.147 0.507 1.179 7.26 15.12
3=10y2 0.919 0.457 0.920 3.11 8.99
10y1 0.630 0.372 0.630 n.s.g 3.33
3=10y1 0.356 0.287 0.356 n.s.g n.s.g

Computed for a single-line of discrete charges with axial charge spacingbs3.4=10 cm.a y8

Computed for a single-line of discrete charges with axial charge spacingbs1.7=10 cm.b y8

Computed for two parallel lines of discrete charges separated byds200=10 cm, each with axial charge spacingbsc y8

3.4=10 cm.y8

Computed for a single-helix of discrete charges with diameterds20=10 cm, axial charge spacingbs3.4=10 cm, andd y8 y8

helix succession anglefs2py10.
Computed for a double-helix of discrete charges with diameterds20=10 cm, axial charge spacingbs3.4=10 cm one y8 y8

each constitute single-helix, and helix succession anglefs2py10.
n.c., not calculated, due to inadequate convergence.f

n.s., negative solution forr at this value ofm implies thatrs0, and no solution exists forb9.g
C
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The values ofr and b9 predicted by this alter-
native protocol both decline with increasingm ,C

as expected on physical grounds. In these regards,
the predictions of the alternative protocol are at
least qualitatively correct.

3.2. Two parallel infinite lines of in-phase uniform-
ly spaced charges

In this case, the interaction sum is divided into
two subsums. The first sum contains all interac-
tions between thejth charge on one line and all
other charges on the same line, whereas the second
subsum contains all interactions between thejth
charge on one line and all charges on the second
parallel line. That is,

S (l)sS (l)qS (l), (15)j j1 j2

where

ylbl` e 1 ylbS (l)' sy ln 1ye (16)Ž .j1 8 bl bls1

which is just the result in Eq.(3), and

yld ylr` jl1 e e
S (l)s q (17)j2 82 d rjlls1

wherer '(d q(bl) ) is the distance from the2 2 1y2
jl

jth charge on one line to thelth charge on the
second line, which is longitudinally displaced by
a distancebl and laterally displaced byd. S canj2

be readily evaluated numerically at finitem .C

However, whend4b, as will be assumed here,
S (l) can be accurately approximated by usingj2

the linear Poisson–Boltzmann electrostatic poten-
tial for a uniformly charged line with linear charge
density (1yr)qyb, namely c(d)sw(1yr)qy
´bx2K (ld), and the corresponding electrostatic0

free energy of a line element(b) with charge(1y
r)q placed in the electrostatic potential arising
from the other line, namely,A sw(1yr) q y2 2

j2

´bx(1y2)(2)K (ld)sw(1yr) q y´xS , which2 2
0 j2

gives

S (l)s(1yb)K (ld) (18)j2 0

where K (ld) is the 0th order modified Bessel0

function. In this case,

≠S (l) 1 dj sy y K (ld) (19)1lb≠l e y1 bŽ .

and

y1y1y2 y1 lbrs1ym (KL ) e y1µŽ .C B
y1q(dyb)K (ld) (20)∂1

whereK (x)sydK (x)ydx is the first order mod-1 0

ified Bessel function, and

ylb 2(1yr)L yb y2(1yr)(L yb)K (ld)B B 0re 1ye eŽ .
b9s (21)

mC

In the limit m ™0, we have e y1(lbslb
C

Kbm C,K (ld)(q1y(Kdm ), and r s1y1y2 1y2
1 C 0

1(L y(by2)), as expected for a linear array withB

an average axial charge spacing,by2. In the
domain of very smallm , K (ld)™y{ ln(ldyC 0

2)qg} , wheregs0.5772 is the Euler–Mascheroni
constant, and

1qg 2b9 se 8p(N y1000)(L yby1y2)b dy20 A B

(22)

Eq. (22) demonstrates clearly thatb9 (or the
free volume) depends on the ‘structure’ of the
linear array(via its dependence upond), as well
as its linear charge density, even in the zero salt
(m s0) limit. These results forr and b9 in theC 0 0

m ™0 limit are identical to the correspondingC

results that are obtained by using the protocol of
Manning, w4,5x because the two assumptions
employed in that protocol in them ™0 limit,C

namely ≠ry≠m (0 and ≠b9y≠m s0 imply theC C

present assumption,(≠Dym ) s0 and are equiv-C r,b9

alent to it in that limit.
Eqs.(20) and(21) are numerically evaluated at

finite m to yield the appropriate values ofr andC

b9 for the case of two parallel charged lines
separated by a distanceds200=10 cm, eachy8

with longitudinal charge spacingbs3.4=10y8

cm. The corresponding values ofr are presented
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in Figs. 1 and 2, and the values ofb9 are displayed
in Table 1. At low values ofm Q10 M, ry6

C

remains quite close to the limiting value atm sC

0, namelyr s0.761, which is identical to that of0

a single straight chain withbs1.7=10 cm, buty8

descends steeply betweenm s10 and 10 My4 y2
C

to a shelf that lies near the limiting value charac-
teristic of the single constituent charged lines, each
with bs3.4=10 cm, namely r s0.523. b9y8

0

behaves in a qualitatively similar fashion, but its
transition between the values characteristic of 2
chains and 1 chain is considerably broader. Indeed,
already atm s10 M, b9s131.287 lies signifi-y7

C

cantly below the limiting value,b9 s134.9690

calculated via Eq.(22) The value ofr is about
mid-way through the transition, whenm (10y3

C

M, at which pointld(2.0, and the two lines are
significantly screened from one another. This tran-
sition of r for the two parallel charged lines from
values characteristic of a single charged line with
bs1.7=10 cm at lowm to those typical of ay8

C

single charged line withbs3.4=10 cm aty8

higherm (cf. Figs. 2 and 3) is a clear demonstra-C

tion of the important effect of local structure on
counterion condensation at finitem .C

3.2.1. Comparison with results of the Manning
protocol at finite mC

When the original assumptions and protocol of
Manning are applied to the case of two parallel
discretely charged lines, each withbs3.4 A, which˚
are separated byds200 A, in the m ™0 limit,C

˚
the values ofr and b9 obtained are identical to0 0

those found via the present alternative approach.
However, with increasingm in the regionC

m 10 M whereld 0.7, the Manning proto-y4R RC

col (wherein b9sb9 for all m ) predicts an0 C

increase inr above the limiting value,r s0.761,0

as shown by the open circles in Fig. 1, whereas
the present treatment predicts a decrease inr from
r s0.761 down to approximatelyrs0.5, where0

the curve for the two parallel lines merges with
that for either single line(c.f. Fig. 2). This merging
of the two curves is absolutely required, whenever
ld is so large that the individual lines no longer
interact with one another. The Manning protocol
clearly fails to capture this essential aspect of the
expected behavior.

3.3. A single-helix of discrete charges with uniform
axial spacing

In this case, the helix diameter isd, and there
are exactly 10.0 charges per turn with a longitu-
dinal separation(axial spacing) b between them.
The interaction sum in Eq.(2) becomes(with
fixed j)

ylr` jle
S (l)s (23)j 8 rjlls1

where

2 1y22w z
x |r s (lb) q dsin(lfy2) (24)Ž .jl y ~

and fs2py10.0 is the helix succession angle
between neighboring charges. Although analytical
evaluations were not achieved in this case, numer-
ical evaluations ofS (l) were performed over thej

range ofm from 10 to 0.03 M by evaluatingy6
C

the sum up to an upper limit ofls10 000, at
which point the interaction sum was satisfactorily
converged in every case considered. The slope was
evaluated numerically according to

S (1.001)l yS (l)Ž .j j≠S (l)j s (25)
≠l 0.001 lŽ .

Results obtained using Eq.(25) match those from
Eq. (13)

The calculated values ofr andb9 for this single-
helix with ds20=10 cm andbs3.4=10 cmy8 y8

are presented in Fig. 3 and Table 1, respectively.
At low-salt concentration,m (10 M, r liesy3

C

very close to the values predicted for a single
straight line with the same axial spacing between
charges, but at higher values ofm , r for theC

single-helix falls progressively farther below that
for the straight line. This is due to the lateral
‘structure’ of the helix wherein the charges are
farther apart and the electrostatic interactions
between neighboring charges are more screened
than in the case of the straight line. At all values
of m , b9 for the single-helix significantly exceedsC

the corresponding value for the straight line with
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the same axial spacing between charges. As in the
case of two parallel lines, local structure of the
single-helix affectsb9 even at very low values of
m , as noted recently by Manning 50.C

3.4. A double-helix of discrete charges with uni-
form axial spacing of pairs of charges

We consider a double-helix that consists of two
identical concentric single helices of the same kind
as in the previous section. That is, each single-
helix has diameterd and 10.0 charges per turn
with an axial (longitudinal) spacing b between
them. The second helix is rotated byp about the
symmetry axis of the double-helix from a position
of coincidence with the first helix. The succession
angle of both single and double helices isfs2py
10.0, and the helix repeat distance is 10b per turn.
Along the direction of the helix axis, the charges
of the double-helix occur in pairs(one charge on
each single-helix), one pair every axial spacingb.
Hence, the average axial spacing per ionic charge
on the double-helix isby2. As in the case of the
two parallel straight lines, the interaction sum
(with fixed j) can be decomposed into two
subsums,

S (l)sS (l)qS (l) (26)j j1 j2

where S (l) contains the interactions of thejthj1

charge with all other polyion charges on the same
helix, andS (l) contains its interactions with allj2

charges on the opposite helix. Indeed,S (l) isj1

given precisely by Eq.(22) and Eq.(23) above
and

˜yld ylr` jl1 e e
S (l)s q (27)j2 8 ˜2 d rjlls1

where

w 22 2
xr̃ s (lb) q(dy2) cos(lfqp)y1Ž .jl µ y

1y2z2
|q sin(lf) (28)Ž . ∂~

is the distance between thejth charge on the first
helix and thelth charge on the opposite helix. The

latter charges are indexed by the integerl, which
is set to ls0 at the axial position corresponding
to the jth charge on the first helix. The quantity in
square brackets can be simplified to 4cos(lfy2),2

if desired.S (l) and S (l) are evaluated numer-j1 j2

ically to satisfactory accuracy over the range of
m from 10 to 0.10 M by summing tolsy6

C

10 000, at which point the interaction sums were
adequately converged in each case. The slopes of
S (l) andS (l) were both calculated numericallyj1 j2

according to Eq.(25).
The calculated values ofr andb9 for this double-

helix with ds20=10 cm andbs3.4=10 cmy8 y8

are presented in Fig. 3 and Table 1, respectively.
This model corresponds approximately to the
charge array of a straight DNA. As can be seen in
Fig. 2, the double-helix with diameterds
20=10 cm exhibits practically the same valuesy8

of r at low m as are found for the single chargedC

line with bs1.7=10 cm, and for the array ofy8

two parallel charged lines that are separated by
ds100=10 cm, but together have the samey8

average axial spacing between charges as the
double-helix, namely by2s3.4=10 y2sy8

1.7=10 cm. This demonstrates the expectedy8

invariance of r to local geometry for the same
average axial charge spacing at very lowm . AtC

largerm 10 M r for the two parallel chargedy3RC

lines declines, as the two lines become effectively
screened from one another. However, the two
helices of the double-helix do not become signifi-
cantly screened untilm 10 M due to the closey2RC

proximity of the nearest charges on one helix to
any given charge on the opposite helix. For this
double-helix,r is predicted to fall to zero formC

between 0.1 and 0.3 M. Values ofb9 for the
double-helix exceed the corresponding values for
the single-helix and those for either single charged
line, again demonstrating the dependence ofb9 on
local structure.

The helical array of charges modeled here is
similar to duplex DNA in regard to helix diameter,
pitch, and axial charge spacing(or linear charge
density). The present results suggest that use of
the limiting value,rs0.761, which is appropriate
for m s0, for counterion concentrations that equalC

or exceed 10 M may lead to significant error iny2

the case of duplex DNA.
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Fig. 4. r vs. log m for a uniformly charged infinite cylinder10 C

with the diameter(ds20 A) and linear charge density(n sDNA
˚

yNeNy(1.7 A)) of DNA. r is the condensed fraction of polyion˚
charge andm is the concentration of univalent counterions.C

Filled circles(d) are calculated according to the present coun-
terion condensation theory via Eq.(31), as described in the
text. Filled squares(j) are calculated by solving the non-linear
Poisson–Boltzmann(NLPB) equation, determining the effec-
tive linear charge density,n , that in the linear theory yieldseff

the same potential as the NLPB solution in the very tail of the
latter, and reckoning the condensed fraction of charge as:rs
(n yn )yn . Ts293 K, and´s80.DNA eff DNA

3.5. A cylindrical array of parallel charged lines

We consider m parallel, infinite, discretely
charged, straight lines that are uniformly disposed
in a cylindrical array. Since our objective is to
model a uniformly charged cylinder with diameter
of DNA (ds20 A), we take many charged lines˚
(ms100). We also want each line to appear
continuously charged as viewed by every other
line, so the spacing of discrete charges on each
line is taken to bebyn, where bs1.7 A is the˚
average axial spacing between full phosphate
charges of DNA andns1000. The distance
between neighboring lines,dsin(2py2(100))s
6.28=10 cm exceeds the distance betweeny9

charges on any given line,by1000s1.7=10y11

cm, by 370-fold. Moreover, the Debye screening
length of the highest ionic strength considered
exceeds the distance between lines by 13-fold. We
wish our ‘cylinder’ to have the same linear charge
density as DNA, which in view of the preceding
remarks means that the elementary chargesq in
our array must be much smaller than the electronic
charge, specificallyqsey(mØn). The electrostatic
energy in Eq.(A17) is reformulated in terms of
the new charge,qsey(mn) and the new total
number of charges in the polyion,Nmn, and an
interaction sum over all of the new charges. The
final result is that an additional factor, 1y(mn),
appears in the exponents of Eq.(A19) and Eq.
(1). Upon applying the auxiliary condition there
results

1
rs1y

1y2 Z Zm KL z y(mn) y≠S y≠ly≠S y≠lŽ .C B C j1 j2Ž .
(29)

where

yly(byn)S (l)sy(1y(byn))ln 1ye (30a)Ž .j1

my1

S (l)s 1y(byn) K (ld ) (30b)Ž .j2 0 l8
ls1

and d sd±sin(2ply(2m)) is the distance betweenl

any given line and itslth neighbor counting
sequentially around the cylinder. Inserting the cor-
responding analytical expressions from Eq.(19)
yields finally

rs1

1
y

my1B E
y11y2 lbynZ Zm KL z y(mn) e y1 q d y(byn) K (ld )C FŽ . Ž .C B C l 1 lŽ . 8

D Gls1

(31)

The corresponding expression forb9 is readily
obtained but is not of interest in this case.

In the limit m ™0, (e y1) ™1y(lbyn)l byn y1( )
C

and (d y(byn))K (ld )™1yl(byn), so rs1y1yl 1 l

(L ±z ±yb). In the present case of uni-univalentB C

salt,Nz Ns1.0, andr s1y1y(L yb), which is theC 0 B

same as for a single line of electronic charges(e)
with spacingb, as expected.
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The condensed fraction is evaluated numerically
for a range of salt concentrations from 10 toy4

0.15 M, and the results are presented in Fig. 4. In
10 M salt, the condensed fraction of counteriony4

charge,rs0.758, is close to the Manning limit,
r s0.761. At higher salt concentrationsr decreas-0

es, and follows very closely the corresponding
curve for the double-helix with the same diameter
and linear charge density in Fig. 3(not shown).

3.5.1. Comparison with non-linear Poisson–Boltz-
mann theory

Also shown in Fig. 4 are the correspondingr-
values calculated from non-linear Poisson–Boltz-
mann theory for a uniformly charged cylinder, as
described by Delrow et al.w3x. In this case,r is
calculated by taking the difference between the
actual polyion charge per unit length(n ) andact

the effective charge per unit length(n ) thateff

enables the solution of the linearized(Debye–
Huckel) Poisson–Boltzmann equation to precisely¨
match that of the non-linear Poisson–Boltzmann
equation in the linear ‘tail’ region of the latter,
and then dividing this difference byn . That is,act

r'(n yn )yn (32)act eff act

Our protocol follows that implemented by Sugai
and Nitta w41x, which yields the effective charge
of the tail-matching Debye–Huckel theory in the¨
most direct and unequivocal manner. The results
of the non-linear Poisson–Boltzmann theory are
co-plotted with those of the present counterion
condensation theory in Fig. 4. The present theory
agrees closely with non-linear Poisson–Boltzmann
theory at salt concentrations at or below 0.0003
M, and again at 0.1 M, and deviates only modestly
((15%) over the entire range from 0.0003 to 0.15
M. If this level of accuracy should apply to other
charged arrays of comparable diameter, then the
present extension of counterion condensation the-
ory would be quantitatively useful, especially for
finite irregular arrays of discrete charges, for which
solutions of the non-linear Poisson–Boltzmann
equation and Monte Carlo simulations are still
somewhat impractical. The results of the counter-
ion condensation theory in Fig. 4 are invariant to
a 10-fold reduction in the number of parallel lines

that constitute the cylinder and a simultaneous 10-
fold reduction in the charge spacing along each
line, provided the diameter and linear charge den-
sity remain unaltered. This demonstrates that the
density of discrete charges is sufficiently high to
satisfactorily simulate a uniformly charged cylin-
der up to the highest ionic strength considered
(0.15 M).

An important feature of both curves in Fig. 4 is
the decline of the condensed fraction with increas-
ing salt concentration, which is due to the screen-
ing of electrostatic interactions between any given
charge and those on the opposite side of the
cylinder. Interestingly, the discrepancy between the
two curves is maximal(in the range considered),
when the salt concentration is approximately 0.03
M and ld(1.0.

It is not known to what extent, if any, the
modest discrepancy inr-values predicted by the
counterion condensation and non-linear Poisson–
Boltzmann theories arises from the difference in
models. The counterion condensation theory per-
tains to a porous cylinder, in which the counterions
have full access to the interior of the rod, whereas
the non-linear Poisson–Boltzmann theory pertains
to an impermeable cylinder. Since it is not apparent
how to extend counterion condensation theory to
treat impermeable arrays of charges and since the
interiors of many polyions are impermeable to
counterions, the present comparison may be the
most relevant in any case. The results demonstrate
clearly that the present counterion condensation
theory yields fairly approximate results in the salt
regime from 0.0003 to 0.15 M. Nevertheless, the
modest size of the discrepancy suggests that the
present theory may provide a quantitatively useful
approximation to the condensed fraction in this
regime for alternative geometries, where the non-
linear Poisson–Boltzmann equation is not so read-
ily solved.

3.6. Comparison with previous studies

The spatial envelope of the Manning fraction of
condensed counterions and its variation with coun-
terion concentration have been investigated via
non-linear Poisson–Boltzmann theory and Monte
Carlo simulationsw17,31,32x. Partial invasion of
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this envelope by neutral salt occurs when the
external salt concentration is increased, and leads
to an increase in counterions within this domain.
This has sometimes been interpreted as an increase
in the condensed fraction of counterions with
increasing salt concentration. However, the pres-
ence of coions in equal-charge amounts within the
same domain insures that the actual compensating
charge within the envelope occupied by the Man-
ning fraction(or any other fraction) of the coun-
terion charge does not change with increasing salt
concentration. That is, after the counterions attrib-
utable to the invading neutral salt are subtracted
out, there remains only the Manning fraction. In
this work, the magnitude of the condensed fraction
is defined in a rather different way, according to
Eq. (32) The variation in magnitude of the con-
densed fraction of counterion charge, as defined
here, with increasing counterion concentration has
not been investigated previously via solutions of
the non-linear Poisson–Boltzmann equation.

3.7. Summary of results

The above results for infinite arrays of equiva-
lent charges predict that the effective binding
constantb9 (or the free volume) declines with
increasingm over the relevant concentration rang-C

es, as expected, and also varies substantially with
polyion structure, generally increasing with the
number of chains and lateral dimension of the
charged array, also as expected. Thus, our proposed
assumption that(≠D(r, b9, m )) s0, whichC r,b9

together with the binding expression in Eq.(1)
yields the general results in Eqs.(11) and (12),
leads to qualitatively correct predicted behavior
for r and, especially, forb9. In this regard, the new
assumption is a significant improvement over that
employed previously, namely db9ydm s0 for allC

m . The new auxiliary assumption and the result-C

ing Eqs.(11) and(12) necessarily yield the same
r andb9 as the previous protocol in the domain of
very small m , since the two assumptions of theC

previous protocol are equivalent to our new aux-
iliary assumption in that same smallm domain.C

However, at larger values ofm , where electro-C

static screening of nearest-neighbor charges or
groups of charges becomes significant, the pre-

dicted values ofr and b9 of the present approach
differ from the predicted values ofr and assumed
fixed b9 of the previous protocol. In particular,
both r and b9 decline with increasingm . In theC

case of a uniformly charged cylinder with the
dimensions and linear charge density of DNA, the
present extension of counterion condensation the-
ory predicts r-values that agree well with the
results of non-linear Poisson–Boltzmann theory at
low-salt concentration,m (0.0003 M, and againC

at m s0.1 M, and deviate only modestly(15%C

at intermediatem . Thus, despite its approximateC

nature, it can provide quantitatively useful esti-
mates ofr from low-salt up to 0.15 M, well into
the regime of decliningr-values. An unexpected
bonus is that numerical evaluation of the general
results forr and b9 in Eq. (11) and Eq.(12) is
considerably simpler than solving Manning’s Eq.
(1) of this paper) for any given value ofb9.
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Appendix A: Counterion binding theory for
long linear polyions with electrostatically equiv-
alent charges

The polyion possessesN fixed univalent intrin-
sic chargesq that are not necessarily collinear, but
which nevertheless occupy equivalent positions in
a regular array that is highly extended in one
direction. N is so large that end-effects involve
only a negligibly small fraction of the intrinsic
charges, and the vast majority of the remaining
polyion charges are practically equivalent. There
is one potential counterion binding site per equiv-
alent charge, but we eliminate from consideration
all states that involve local(or global) overcharg-
ing. Thus, when the polyion is divided into sec-
tions, each withNz N consecutive sites, wherezC C

is the counterion valence, no section ever contains
more than a single bound counterion. We consider
reactions in whichn counterions(C) bind to theC

naked polyion (P) to produce the complex
(D (n )), whereJ denotes the particular configu-J C
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ration of then bound counterions among theNC

binding sites on the polyion,

Pqn C|D n (A1)Ž .C J C

The concentration of each species( j) is
assumed to be sufficiently low that it obeys Hen-
ry’s Law, and its chemical potential is given by

B Emj0 0 C Fm sm qkTlnX (m qkTln (A2)j j j j
D Gm0

wherem s55.6 M is the molarity of the solvent0

(water), X andm are the mole fraction and molarj j

concentration, respectively, andm is the standard0
j

state chemical potential of the speciesj. It will be
important to note thatm is the average concen-C

tration associated with the chemical potential of
the counterion species C, not the local concentra-
tion, which may fluctuate about that average. The
equilibrium condition for Eq.(A1) is

m qn m sm (A3)C C D n( )P J C

Upon substituting the Eq.(A2) into Eq. (A3)
and rearranging there results

nCB Em mD n C( )J C 0w
xC Fs exp y mŽ D n( )y J C

D Gm mP 0

0 0 z
|ym yn m ykT (A4).P C C ~

We assume that the difference in standard state
chemical potentials on the rhs of Eq.(A4) can be
partitioned into a contribution due to long-range
electrostatic interactions between polyion subunits
and a contribution from configurations and inter-
actions within the binding site of a single subunit:

0 0 0 elm ym yn m sA nŽ .D n P C C J C( )J C

el locyA 0 qn DA (A5)Ž . C

A (0) is the sum of all long-range electrostaticel

interactions between different subunits in the
naked polyion P,A (n ) is the corresponding sumel

J C

for the complex D(n ), and DA is the freeloc
J C

energy change upon transferring a counterion in

its standard state to a single binding ‘site’ in its
standard state.DA generally contains an electro-loc

static contribution, as well as contributions from
interactions of shorter range and from different
configurations of the counterion, polyion, and sol-
vent within the single binding site. The electro-
static part ofDA includes the screened Coulombloc

interaction between the counterion and binding site
(or monomer) charge and also a term that takes
into account the activity coefficients of the com-
plex, naked polyion, and counterion. The latter
term vanishes whenm s0 but increases in mag-C

nitude with increasingm . In any case,DA isloc
C

expected to vary withm at finite values ofm .C C

Use of Eq.(A5) in Eq. (A4) gives

nCB Em m bD n C( )J C C Fs
D Gm mP 0

el elw z
x |=exp y A n yA 0 ykT (A6)Ž Ž . Ž ..J C Jy ~

whereb'expwyDA ykTx is the equilibrium con-loc

stant for the mole fraction 1.0 standard state.
Summing Eq.(A6) over all configurationsJ for
each value ofn , and then over all possible valuesC

of n yieldsC

nN CB Em m bD C w
xC Fs expy8 8

D Gm mP 0n s1 JC

el el z
|y A n yA 0 ykTŽ Ž . Ž ..J C ~

sx(m ,T,N) (A7)C

where is the total concentra-
N

m s mD D n( )J C88
n s1 JC

tion of complexes. The second equality defines the
effective grand partition functionx(m , T, N).C

Combining Eq.(A7) with the conservation relation
for the total polyion concentration,

0m sm qm (A8)P D P

yields

x 0m s m (A9)D P1qx
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When N is extremely large and the condensed
fraction of counterion charger'n y(NyNz N) isC C

non-vanishing, there is negligible probability of
finding a naked polyion, som ym sx(m , T,D P C

N)41.0 andm (m . In this case(assumed here),0
D P

the average number of bound counterions per
polyion is practically identical to the average
number of bound counterions per complex, which
is given by

N n mC D n( )J C8 8n s1C
Jn̄ 'C

N mD n( )J C8 8n s1C
J

≠lnx m ,T,NŽ .C
'm (A10)C

≠mC

wherein the partial derivative on the rhs is taken
at constantA (n ) andb.el

J C

We assume that configurationsJ , in which theu

bound counterions are distributed(nearly) uni-
formly dominatex(m , T, N), which is true inC

fact, though not when the mean-occupation
approximation is applied, as noted in the text.
Moreover, all sufficiently uniform configurations
J have practically the same electrostatic freeu

energy, so for those configurations,

el elw z
x |exp y A n yA (0) ykTŽ Ž . .J C Jy ~u u

el elw z
x |sexp y A n yA (0) (A11)Ž Ž . .Cy ~

is independent of theJ index. Then,x(m , T, N)u C

becomes

nN CB Em bC elw
xC Fx(m ,T,N)s exp y A nŽ Ž .C Cy8

D Gm0n s1C

z
|yA 0 ykT W n (A12)Ž .. Ž .C~

where is the number of uniformW(n )s (1.0)C 8J

configurations for a polyion withn bound coun-C

terions.W(n ) is evaluated as follows. The averageC

number of binding sites per bound counterion is
Nyn . The binding sites on the polyion are dividedC

into n contiguous domains each containingNyC

n binding sites. The nearly uniform distributionsC

contain one and only one counterion in every
domain. There areNyn possible binding sites forC

each counterion in its domain, so the total number
of nearly uniform distributions is approximately

nCB EN
C FW n s . (A13)Ž .C
D GnC

Inserting Eq.(A13) into Eq. (A12) yields

nN CB Em bC elw
xC Fx(m ,T,N)s exp y A nŽ Ž .C Cy8

D Gm0n s1C

nCB ENel z
|C FyA 0 ykT (A14)Ž .. ~
D GnC

In principle, lnx(m , T, N) can be approximatedC

by ln(maxterm), where maxterm denotes the larg-
est term in the sum overn . In view of Eq.(A10),C

it is assumed that this maxterm occurs forn sC

. The extremum condition for the summand is:n̄C

w B E≠ m bC el¯ ¯C F0s n ln y A nx Ž Ž .C C¯ D G≠n myC 0

z
el ¯ ¯yA 0 ykTqn ln Nyn |Ž .. Ž .C C

~

B Em bCC F0sln
D Gm0

el ¯≠ A (n )ykTŽ .C
¯y qln(Nyn )y1 (A15)C¯≠nC

After exponentiating Eq.(A15) and multiplying
both sides by the fraction of condensed polyion
charge , where is the extremum¯ ¯Z Zrsn z yN nC C C

(and average) value, one has

elw z≠ A ykTB E Ž .b y1 x |C FZ Zrsm e z exp y (A16)C C ¯D Gm ≠ny ~0 C

Within the counterion condensation model, the
polyion charges interact via a screened Coulomb
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potential, and the effective value of each polyion
charge isq s(1yr)q, whereq is the electroniceff

charge. For an array of equivalent polyion charges,

B E1el 2 2 ylr yrjl jl¯ C FA (n )ykTs(1yr) q y´kT N eŽ .C 8
D G2 l/j

2s(1yr) L NS (l)B j

(A17)

where L 'q y´kT is the Bjerrum length, the2
B

interaction sum for thejth polyion charge is

B E1 ylr yrjl jl,C FS (l)' e (A18)j 8
D G2 l/j

the Debye screening length isls(8p(N yA

1000)q Iy(´kT)) , and the ionic strength of the2 1y2

salt is Is(1y2)m (z q±z yz ±z ), wherez is the2 2
C C C d d C

counterion valence andz is the coion valence.d

Use of Eq.(A17), Eq. (A18) andrsn Nz NyN inC C

Eq. (A16) yields

y1 q2(1yr)L Øz ØS (l)B C jZ Zrsm b9 z e e (A19)C C

where b9'bym is the equilibrium constant for0

the 1.0 molar standard state. Ifb9 is identified
with Manning’s free volume, andS (l) is evalu-j

ated for a line of discrete charges with intrinsic
spacing b, which gives S (l)sy(1yb)ln(1yj

e ), then Eq.(A19) becomes identical to Man-ylb

ning’s expression in the same limit of univalent
polyion charges, and negligible deviation of the
small-ion activity coefficients from 1.0. As dis-
cussed following Eq.(5) in the text, b9s(1y
m )expwyDA ykTx is expected to vary withmloc

0 C

at finite m in any case.C
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